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ABSTRACT
The lorentzian CR-structure (LCR-structure) is a special 4-dimensional
totally real CR-structure, which contains two correlated 3-dimensional
CR-structures. It is defined by explicit Cartan relations and char-
acterized by the ”left” and ”right” CP3 points with two spinors and
two Newman complex trajectories. Using a gauge field action, which
depends on this LCR-structure and not the metric, a 4-dimensional
pseudo-conformal field theory (PCFT) is formulated. It is invari-
ant under the two Cartan infinite dimensional Lie algebras of the
contained 3-dimensional CR-structures, in complete analogy to the
2-dimensional CFT. These algebras do not assume central charges.
”Open” and ”closed” LCR-manifolds are defined in analogy to the
2-dimensional string theory. The states and transition amplitudes
of the PCFT model are defined using the path-integral formalism
as functional integrations over the LCR-structures, where a sum-
mation over the structure relative invariants has to be considered
in addition to the ordinary summation over the topological invari-
ants of the LCR-manifolds. The gauge field propagator in the sector
of the ”open” degenerate LCR-structure is computed and found to
be confining. Using the Elie Cartan list of automorphisms of the 3-
dimensinal CR-structures, the automorphisms of the LCR-structures
are investigated. The Poincare´ group is an automorphism of the de-
generate LCR-structure which is considered as the vacuum. The
”left” and ”right” spinors of the vacuum LCR-structure transform
under the corresponding non-equivalent conjugate representations
of the Lorentz group. The electron-positron with electromagnetic
and gravitational radiations is identified as the Kerr-Newman LCR-
manifold and the general phenomenological framework is outlined.
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1 INTRODUCTION
The Standard Model (SM) actually provides an experimentally well established
description of elementary particles, except the graviton, dark matter and dark
energy. The recent discovery of the Higgs particle made the SM renormalizable
and hence well defined in the context of Quantum Field Theory (QFT). Super-
symmetry was proposed as a natural extension of the SM, with some encour-
aging computational results. Its local extension, Supergravity, failed to provide
a renormalizable lagrangian model. But Superstrings came to cover the need
of a well defined theory with many models compatible with Quantum Mechan-
ics, and providing low energy supersymmetric models. The consequences of the
simple Polyakov action are surprising. The mathematical beauty and richness
of the String Theory turned it into the dominant theory to describe nature. But
the recent experimental results of ATLAS and CMS from the LHC of CERN
show that the Minimal Supersymmetric Standard Model (MSSM) does not de-
scribe nature. No supersymmetric particles have been observed. On the other
hand the highly sensitive experiments did not find any sign of Weakly Inter-
acting Massive Particles (WIMPs). Hence String Theory has to be abandoned,
and Elementary Particle Physics has to look for other quantum models, which
do not need supersymmetry to describe nature. The present work provides such
an alternative.
The failure of String Theory to describe nature transfers Elementary Particle
Physics back to repose the question ”how to construct a renormalizable generally
covariant action”. The typical answer to this question is ”try models with
higher symmetry”. Recall that the SM followed exactly this ”road”. These old
times the experiment had approved the old non-renormalizable current-current
weak interactions[11]. The natural introduction of the intermediate massive
vector bosons had to affront renormalizability problems, because the massive
vector field propagator was not perturbatively controllable. The problem was
solved via the ”spontaneous symmetry breaking mechanism of the U(2) gauge
group”. For that we had to accept a massive scalar Higgs field lagrangian with
imaginary formal mass! This peculiar starting point essentially is equivalent to
an action with precise relations between the masses and the coupling constants,
so that a hidden gauge transformation brings the action to a formal dependence
on massless gauge fields. The invariant dimensional regularization procedure
permitted to ’t Hooft and Veltman to prove the renormalizability of the action
and make the SM compatible with Quantum Mechanics. The present model
follows an analogous procedure. The symmetry of general covariance is enhanced
with the additional metric independence property of the action. The price
we have to pay is the dependence of the action on a special totally real CR-
structure and the emergence of complex (structure) coordinates, which extend
the coordinate reparametrization to holomorphic transformations.
The metric independence is usually related with Topological Field Theories
(TFT), which are essentially dynamically ”empty”. The 2-dimensional Polyakov
action[17]
IS =
1
2
∫
d2ξ
√−γ γαβ ∂αXµ∂βXνηµν (1.1)
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is also metric independent, but it is very rich, because it is not topological. In
the light-cone coordinates (ξ−, ξ+), the action takes the metric independent
form
IS =
∫
d2z ∂−Xµ∂+Xνηµν (1.2)
In this case we have a generally covariant action which is not topological. The
light-cone coordinates (ξ−, ξ+) may be viewed as the real part of the structure
coordinates (z0, z0˜) of the following trivial totally real (Cauchy-Riemann) CR-
manifold of C2
ρ11(z
0, z0) = 0 , ρ22(z
0˜, z0˜) = 0 (1.3)
because its corresponding normal form[2] is
Im z0 = 0 , Im z0˜ = 0 (1.4)
The tacit passage to the complex plane description (Wick rotation) obscures this
fact. The Wick rotation destroys the present CR-structure approach. This CR-
structure approach of the 2-dimensional Conformal Field Theory(CFT) can be
generalized to higher dimensions, preserving the emergence of infinite number of
conserved currents. Recall that this fundamental property of the 2-dimensional
CFT is spoiled in the ordinary higher dimensional CFT, where the algebra of
the Weyl group is finite.
The CR-structures[12] are metric independent. In General Relativity, the
geodetic and shear free condition of a null congruence coincides[33],[1] with
the CR-structure of conventional mathematics. I have already found[19] and
studied[28] a special Yang-Mills-like action, which is metric independent and
therefore it is slightly different than the ordinary Yang-Mills action. In the
present work, I simply write its lagrangian using the CR-structure coordinates
instead of the tetrad. This form of the action reveals the infinite conserved
quantities implied by the symmetry of the action under the pseudo-conformal
transformations in the ambient complex manifold of the CR-manifold.
The physically interesting 4-dimensional model is based on a special form
of CR-manifolds, which I call lorentzian CR-manifolds (LCR-manifolds). It is
a direct generalization to four dimensions of the relations (1.3). This model,
which I called Quantum Cosmodynamics (QC), is a LCR-structure dependent
Quantum Field Theory, which is metric independent, while it is not topological.
In order to make the present work self-consistent, a very brief review of
the 3-dimensional CR-structure will be presented in section II, where the 4-
dimensional LCR-structures and LCR-manifolds will be defined[29]. They es-
sentially consist of two 3-dimensional CR-submanifolds with a common complex
tangent subspace. In the case of ordinary General Relativity, the LCR-structure
coincides with the restricted class of metrics, which admit two geodetic and shear
free null congruences[7],[8].
The String Model belongs to the general class of 2-dimensional CFT[6],
which admit an infinite dimensional (pseudo-) symmetry, implying infinite con-
served quantities. The purpose of the present work is to show that QC also
belongs to a 4-dimensional class of models with infinite conserved quantities.
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The first investigators of CR-structures used the term ”pseudo-conformal
transformations”[3] for the transformations of a real surface of Cn, which ex-
tend to holomorphic transformations in a neighborhood of the surface in Cn.
This model may be considered as a Pseudo-Conformal Field Theory (PCFT),
which generalizes the 2-dimensional Conformal Field Theory (CFT) to four(real)
dimensions. The fact that the Riemann Mapping Theorem is not valid in higher
dimensions, because there are real surfaces ofCn, n > 1, which are not equivalent
under ”pseudo-conformal transformations” is expected to make the spectrum of
PCFT very rich. Besides, the non-existence (Hartog’s theorem) of isolated point
singularities in Cn n > 1, is expected to affect the computational techniques.
The simple covariantization of the ordinary gauge field action is Weyl-symmetry
invariant. It is well known that it generates geometric terms in the regulariza-
tion procedure, which sum up to the square of the Weyl-tensor. But this action
has problems with Quantum Mechanics (existence of states of negative norm),
because of its second order derivatives. In the QC model, the gauge field action
has been slightly changed to become metric independent, so that the regu-
larization procedure does not generate gravitational counterterms, securing its
renormalizability[24]. The explicit form of the action is written down in section
III, using the LCR-structure coordinates zb(x), viewed as fields. The invari-
ance of the action under infinitesimal pseudo-conformal transformations implies
infinite conserved currents, which are computed.
In String Theory[17], the interactions are generated via the path integral
quantization of the Polyakov action. The summation over the 2-dimensional
surfaces correspond to the well known Feynman diagrams of ordinary QFT.
The summation of the conformal structures on the cylinder corresponds to the
simple line of the field propagator. The ”pair of pants” sewing of closed strings
corresponds to the 3-particle interaction. The computation of the open string
scattering amplitudes needs more types of sewing and slicing of 2-dimensional
surfaces. But everything is restricted to the cobordism properties of the path
integral. Unlike the ordinary QFT, no additional interactions can be put in by
hand. In section III, the PCFT is quantized using the path integral formalism,
where we sum over the LCR-manifolds. This summation includes the discrete
”relative invariants” of the LCR-structures in addition to the topological invari-
ants. Recall that the string 2-dimensional surfaces have only the degenerate
structure (1.4). They do not have non-degenerate structures protected by dis-
crete ”relative invariants”.
In the simple case of open ”spherical” degenerate LCR-manifold (with van-
ishing the four relative invariants), the gauge field propagator is computed. It
is found to be confining, therefore the gauge field has to be identified with the
gluon in any physical interpretation of the model.
The LCR-structure is symmetric under two independent pseudo-conformal
transformations of the 3-dimensional CR-structures. The infinite algebra is
studied in section IV, where I find that it does not admit central charges. Be-
cause of its particular physical importance, the Poincare´ subgroup is fixed and
its algebra is studied as a subalgebra of the above infinite dimensional algebras.
The SM is viewed as a phenomenological model where the particles are intro-
5
duced by hand through their Poincare´ representations, being the corresponding
particle-fields. From experiments we know these representations for the stable
and unstable particles, and we put them in the SM lagrangian ”by hand”. In the
present model, the ”particles” are the ”orbits” of the Poincare´ symmetry group,
which is found to be present in the set of LCR-structures, embeddable in G2,2 via
the complex trajectories. The expected LCR-structures which cannot belong to
a representation of the Poincare´ are called ”unparticles”. A systematic study of
LCR-structure automorphisms is initiated in section V. The vacuum is identified
with the completely degenerate ”spherical” LCR-structure, which is found to be
invariant under the Poincare´ group. The LCR-manifolds which admit the time
translation and the z-rotation automorphisms are considered as ”eigenstates”
of the corresponding commuting generators in a Poincare´ representation. The
application of the Poincare´ transformations generates the corresponding surface-
orbit of the representation. A general discussion of the solitonic sector of the
model is presented in section VI, the electron and positron is identified with the
static LCR-manifold and its complex conjugate respectively. The graviton and
the photon via the corresponding definition of a metric and a closed self-dual
2-form.
2 CR-STRUCTURES
In the complex plain C, the Riemann Mapping Theorem states that two lines
(real hypersurfaces) are holomorphically equivalent. Poincare´ has showed that
it is not valid in higher dimensions. That is, the real surfaces ρ (zα, zα) = 0
(for any real function ρ) of the complex plane Cn , n > 1 cannot be transformed
to each other with an holomorphic transformation. These different structures
of the real surfaces are called Cauchy-Riemann structures (CR-structures) and
the manifolds endowed with such structures are called CR-manifolds. Surfaces
of Cn determined by one real function are called CR-manifolds of the hypersur-
face type and those determined by n independent real functions are called to-
tally real CR-manifolds. In the following subsections I review the 3-dimensional
CR-manifolds of the hypersurface type and a special form of 4-dimensional to-
tally real CR-manifolds, which I call lorentzian CR-manifolds (LCR-manifolds).
These two kinds of CR-structures suffice for the reader to understand the present
model.
Throughout this mathematical review, the reader should notice that the no-
tion of the CR-structure does not need the notion of the metric to be defined.
CR-structure is not a notion of the riemannian geometry, while in general rela-
tivity the CR-structure emerged[33] through the notion of a geodetic and shear
free null congruence. The initial terminology of pseudo-conformal geometry[3]
may be more adequate for a theoretical physicist working in 2-dimensional CFT,
but I will review it here using the modern mathematical terminology of CR-
manifolds.
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2.1 Three-dimensional CR-structures
The simple three-dimensional CR-manifoldM is determined by the annihilation
of a real function ρ (zα, zα) = 0 in C2. The condition dρ (zα, zα) |M = 0 implies
that this surface admits the following cotangent real 1-form
ω0 = 2i(∂ρ)|M = i
(
(∂ − ∂)ρ) |M (2.1)
If we use the canonical coordinates (u, ζ, ζ), which provide the following graph
form for the surface
z0 = w = u+ iU , z1 = ζ
U = U
(
u, ζ, ζ
)
, U(0) = 0 , dU(0) = 0
(2.2)
we find the following basis of the cotangent space
ω0 = du− i( ∂U∂z1 )dz1 + i( ∂U∂z1 )dz1
ω1 = dz
1 , ω1 = ω1 = dz1
(2.3)
which admit arbitrary multiplication factors. The dual basis of the tangent
space is
k0 =
∂
∂u
k1 =
∂
∂z1
+ 2i
∂z1U
1−i∂uU
∂
∂u
k1 = k1
(2.4)
which is normalized by the relations k0yω0 = 1 and k1yω1 = 1.
If the defining function ρ (zα, zα) is real analytic, the surface is called real
analytic. This surface is diffeomorphically equivalent to the ”flat” hyperplane
U = 0. But there is not always a holomorphic transformation which performs
this transformation.
In its abstract definition[12] a 3-dimensional CR-manifold is a (real) dif-
ferentiable manifold which admits a complex field k1 = k
β
1 ∂β in the tangent
space T ∗(M), which is linearly independent to its complex conjugate. The CR-
structure is invariant under the transformation
k′1 = bk1
with b 6= 0,∞ complex function
(2.5)
The CR-structure may be equivalently defined by a real covector field ω0 =
ω0αdξ
α and a complex covector ω1 = ω1αdξ
α of the cotangent space T∗(M)
such that
k1yω0 = 0 , k1yω1 = 1 , k1yω1 = 0
ω0 ∧ ω1 ∧ ω1 6= 0
(2.6)
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The corresponding equivalence transformation in the cotangent space is
ω′0 = aω0 , ω
′
1 =
1
b
ω1 + cω0
a 6= 0 real and b 6= 0,∞ and c complex functions
(2.7)
The CR-structures have some local invariants (called relative invariants),
which take the discrete values 0 or 1. The first relative invariant emerges from
the observation that under a general CR-structure preserving transformation
(2.7) the relation
dω0 = iAω1 ∧ ω1 +Bω0 ∧ ω1 +Bω0 ∧ ω1 (2.8)
takes the form
dω′0 = iAabbω
′
1 ∧ ω′1mod[ω′0] (2.9)
Hence if at a point y the function A(y) 6= 0, it will not vanish for any other set
of representative 1-forms of the CR-structure, which is called non-degenerate
at y. On the other hand if the CR-structure is degenerate at y i.e. A(y) = 0,
it will vanish for any other set of representative 1-forms of the CR-structure
and it is called degenerate at y. Notice that the non-vanishing condition of
the CR-structure defining 1-forms [ω0 , ω1 , ω1] is related to its degeneracy.
Vanishing points of A(x) may be interpreted as a different CR-manifold, because
the transformation
ω′0 =
1
A
ω0 , ω
1′ = ω1 (2.10)
at any point of a neighborhood of the zeros of A(x) removes the zeros, but
it makes ω′0 not well defined at x = y. This is the real 1-form of a different
CR-manifold. Taking this point of view, we can generally define non-degenerate
CR-manifolds with non-vanishing coefficient A(x) , ∀x ∈M . A degenerate CR-
manifold has A(x) = 0 , ∀x ∈M . Hence if in the form (2.3) ∂2U
∂ζ∂ζ
|u=0 = 0 , ∀ ζ
, the CR-manifold is degenerate. A degenerate CR-structure is equivalent to
the trivial one
ω0 = du , ω
1 = dζ , ω1 = dζ (2.11)
A non-degenerate CR-structure (also called pseudoconvex) on a smooth mani-
fold can always take the form dω0 = iω1 ∧ω1(modω0), which is invariant under
the transformation
ω′0 = |λ|2ω0 , ω′1 = λ(ω0 + µω1) (2.12)
with λ(x) 6= 0 and µ(x) arbitrary complex functions.
Moser used the holomorphic transformations to restrict the real function
U
(
u, ζ, ζ
)
to the following form up to special linear transformations.
U = 12ζζ +
∑
k≥2,j≥2
Njk(u)ζ
jζ
k
N22 = N32 = N33 = 0
(2.13)
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The functionsNjk(u) characterize the CR-structure. By their construction these
functions belong into representations of the isotropy subgroup of SU(1, 2) sym-
metry group of the hyperquadric.
The classical domains are usually described as regions[35] of projective spaces.
The SU(1, 2) symmetric classical domain is the region of CP 2 determined by
the relation
ZmCmnZ
n > 0 (2.14)
where Zn are the homogeneous coordinates of CP 2 and Cmn are SU(1, 2) sym-
metric matrices. The matrix
CB =
1 0 00 −1 0
0 0 −1
 (2.15)
gives the bounded realization of the classical domain and the matrix
CS =
0 0 −i0 −1 0
i 0 0
 (2.16)
gives the unbounded realization, which is also called the Siegel domain. The
boundary of the classical domain is a SU(1, 2) symmetric real submanifold of
CP 2. In the bounded realization it takes the form of S3 and in the unbounded
realization it takes the form of the hyperquadric. The unitary transformation
of the hermitian matrices CB and CS
CS =

1√
2
0 i√
2
0 −1 0
i√
2
0 1√
2
CB

1√
2
0 −i√
2
0 −1 0
−i√
2
0 1√
2
 (2.17)
implies the holomorphic transformation between the S3 and the hyperquadric
CR-structure coordinates.
The boundary of the classical domain is invariant under the SU(1, 2). The
action of the group on the boundary is transitive, because for any two points of
the boundary there is a group element which transforms the one point to the
other. But the group action is not effective (faithful), because there are many
group elements, which transform one point to the other. The boundary is the
coset space SU(1, 2)/P , where P is the isotropy group (subgroup of SU(1, 2))
which preserves a point of the boundary. Hence the hyperquadric and S3 may
be viewed as a base manifold of a 8-dimensional bundle with the background
Cartan connection of the group SU(1, 2). If we define the connection with
ω = g−1dg, where g ∈ SU(1, 2), we find that its curvature Ω = dω + ω ∧ ω = 0
vanishes.
Cartan generalized[32] the Klein geometry by osculating a general manifold
with a coset space. The forms of a general non-degenerate CR-manifold are
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extended to the following relations[12]
dω0 = iω1 ∧ ω1 − ω0 ∧ (ω2 + ω2)
dω1 = −ω1 ∧ ω2 − ω0 ∧ ω3
dω3 = 2iω1 ∧ ω3 + iω1 ∧ ω3 − ω0 ∧ ω4 −Rω0 ∧ ω1
dω4 = iω3 ∧ ω3 + ω4 ∧ (ω2 + ω2)− Sω0 ∧ ω1 − Sω0 ∧ ω1
(2.18)
where R and S are the components of the curvature because for R = S = 0 we
find the SU(1, 2) structure equations. If we assume the following normalization
and notation
dω0 = iω1 ∧ ω1 + bω0 ∧ ω1 + bω0 ∧ ω1
ω1 = dζ , ω1 = dζ
df = f0L+ f1ω1 + fω1
(2.19)
we find[12]
R = k(x)
6λλ
3
k(x) = e1 − 2ba , e = c1 − bc− 2ib0 , c = b1
(2.20)
where k(x) depends on the coordinates of the CR-manifold. If R = 0 we find
S = 0 and the CR-manifold is holomorphically equivalent to the hyperquadric.
From the form of R 6= 0, we see that we can always find a function λ(x) such
that R = 1. Hence R is a relative invariant of the CR-structure, which may
take the values R = 0 or R = 1. In the latter case the CR-structure may be
characterized by the sections ω2 , ω3 , ω4 where ω2 is imaginary.
I will now apply the Cartan extension to the following CR-manifold
U = −2a ζζ
1+ζζ
, a 6= 0 (2.21)
Then
ω0 = du+
2ia
(1+ζζ)2
(ζdζ − ζdζ) , ω1 = dζ (2.22)
and
dω0 = − 4ia(1−ζζ)(1+ζζ)3 ω1 ∧ ω1 , ω1 = dζ (2.23)
We see that at the points ζζ = 1 the CR-structure is degenerate. The normalized
(real) 1-form ω0 is
ω0 = − (1+ζζ)
3
4a(1−ζζ) [du+
2ia
(1+ζζ)2
(ζdζ − ζdζ)]
ω1 = dζ
(2.24)
which is not defined at ζζ = 1. After some calculations I find R 6= 0. Hence
we conclude that this CR-manifold is not holomorphically equivalent neither to
the degenerate one nor to the hyperquadric.
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2.2 Definition of the lorentzian CR-manifolds
The lorentzian CR-manifold (LCR-manifold) is defined as a 4-dimensional to-
tally real submanifold of C4 determined by four special (real) functions, with
zb = (zα, zα˜), α = 0, 1.
ρ11(z
α, zα) = 0 , ρ12
(
zα, zα˜
)
= 0 , ρ22
(
zα˜, zα˜
)
= 0 (2.25)
where ρ11 , ρ22 are real and ρ12 is a complex function. Notice the special
dependence of the defining functions on the structure coordinates.
Because of dρij |M = 0 and the special dependence of each function on the
structure coordinates
(
zα, zα˜
)
, we find[12] the following real 1-forms in the
cotangent space of the manifold M
ℓ = 2i∂ρ11 = 2i∂
′ρ11 = i(∂
′ − ∂′)ρ11 = −2i∂′ρ11
n = 2i∂ρ22 = 2i∂
′′ρ22 = i(∂
′′ − ∂′′)ρ22 = −2i∂′′ρ22
m1 = 2i∂
ρ12+ρ12
2 = i(∂
′ + ∂′′ − ∂′ − ∂′′)ρ12+ρ122
m2 = 2i∂
ρ12−ρ12
2i = i(∂
′ + ∂′′ − ∂′ − ∂′′)ρ12−ρ122i
(2.26)
where the primed symbols are defined in (2.29). The 1-forms are real, because
we consider them restricted on the defined submanifold. The relations become
simpler, if we use the complex form
m = m1 + im2 = 2i∂
′ρ12 = −2i∂′′ρ12 = i(∂′ − ∂′′)ρ12 (2.27)
We see that a proper LCR-manifold is characterized by a pair of 3-dimensional
CR-submanifolds with a common complex tangent (and cotangent) vector m.
The corresponding tangent basis with the real vectors ℓµ∂µ , n
µ∂µ and the
complex one mµ∂µ is defined via the contractions
ℓµnµ = 1 , m
µmµ = −1
all the other vanish
(2.28)
The particular dependence of the defining functions (2.25) suggests the following
separation of the total and partial exterior derivatives
d = ∂ + ∂ = (∂′ + ∂′′) + (∂′ + ∂′′)
∂′f = ∂f
∂zα
dzα , ∂′′f = ∂f
∂zα˜
dzα˜
Aµdx
µ = A′αdz
α +A′′α˜dz
α˜
(2.29)
I used this notation in (2.26) and I will use it to write the action of the lagrangian
PCFT model in a simple form. In order to familiarize the reader with this new
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formalism we make the transcription A→ A′ +A′′ in details
Aµdx
µ = Aµδ
µ
νdx
ν = Aµ(ℓ
µnν + n
µℓν −mµmν −mµmν)dxν =
= [(nµAµ)ℓα − (mµAµ)mα]dzα + [(ℓµAµ)nα˜ − (mµAµ)mα˜]dzα˜ =
= A′αdz
α +A′′α˜dz
α˜
(2.30)
An abstract LCR-manifold is defined by two real ℓ , n , and a complex m
1-forms, such that ℓ ∧ n ∧m ∧m 6= 0 and
dℓ = Z1 ∧ ℓ+ iΦ1m ∧m
dn = Z2 ∧ n+ iΦ2m ∧m
dm = Z3 ∧m+Φ3ℓ ∧ n
(2.31)
where the vector fields Z1µ , Z2µ are real, the vector field Z3µ is complex, the
scalar fields Φ1 , Φ2 are real and the scalar field Φ3 is complex.
The above conditions are invariant under the transformation
ℓ′µ = Λℓµ , ℓ
′µ = 1
N
ℓµ
n′µ = Nnµ , n
′µ = 1Λn
µ
m′µ =Mmµ , m
′µ = 1
M
mµ
(2.32)
with non-vanishing Λ , N , M and which imply the following transformations
of the vector and scalar fields
Z ′1µ = Z1µ + ∂µ ln Λ , Z
′
2µ = Z2µ + ∂µ lnN
Z ′3µ = Z3µ + ∂µ lnM
Φ′1 =
Λ
MM
Φ1 , Φ
′
2 =
N
MM
Φ2 , Φ
′
3 =
M
ΛNΦ3
(2.33)
Hence Φ1 , Φ2 , Φ3 are LCR-structure relative invariants and the differential
forms
F1 = dZ1 , F2 = dZ2 , F3 = dZ3 (2.34)
are LCR-invariants.
Notice that this definition permit us to apply the holomorphic Frobenius
theorem for (ℓ , m) and (n , m), which is always possible, if the tetrad 1-forms
are real analytic functions. For that, we have to complexify the coordinates xµ,
considering the basis covectors real analytic. This theorem implies that there
are two sets of generally complex coordinates (zα(x), zα˜(x)), α = 0, 1 such
12
that
dzα = fα ℓµdx
µ + hα mµdx
µ , dzα˜ = fα˜ nµdx
µ + hα˜ mµdx
µ
dz0 ∧ dz1 ∧ dz0˜ ∧ dz1˜ 6= 0
ℓ = ℓαdz
α , m = mαdz
α , n = nα˜dz
α˜ , m = mα˜dz
α˜
(2.35)
After their computation we make xµ real again, but real analyticity condition
assures that the matrices ∂µz
b(x) and its inverse ∂bx
µ(za) do not vanish on the
LCR-manifold. The reality conditions of the tetrad imply that these structure
coordinates satisfy the relations
dz0 ∧ dz1 ∧ dz0 ∧ dz1 = 0
dz0˜ ∧ dz1˜ ∧ dz0 ∧ dz1 = 0
dz0˜ ∧ dz1˜ ∧ dz0˜ ∧ dz1˜ = 0
(2.36)
that is, there are two real functions ρ11 , ρ22 and a complex one ρ12, such that
the abstract LCR-structure is realized in C4 via the totally real surface (2.25).
Hence in the case of real analytic differentiable manifolds, the LCR-structure is
embeddable in C4 through real functions of special form and the two definitions
of LCR-structure coincide.
The realizability of the LCR-structure means that the equations
dz ∧ ℓ ∧m = 0
dz˜ ∧ n ∧m = 0
(2.37)
admit two solutions each, (zα(x), zα˜(x)), α = 0, 1 such that dz0 ∧ dz1 ∧ dz0˜ ∧
dz1˜ 6= 0.
This formalism can be correlated with the Newman-Penrose (NP) spin co-
efficients, which are defined by the relations
dℓ = −(ε+ ε)ℓ ∧ n+ (α+ β − τ )ℓ ∧m+ (α+ β − τ )ℓ ∧m−
−κn ∧m− κn ∧m+ (ρ− ρ)m ∧m
dn = −(γ + γ)ℓ ∧ n+ νℓ ∧m+ νℓ ∧m+ (π − α− β)n ∧m+
+(π − α− β)n ∧m+ (µ− µ)m ∧m
dm = −(τ + π)ℓ ∧ n+ (γ − γ + µ)ℓ ∧m+ λℓ ∧m+
+(ε− ε− ρ)n ∧m− σn ∧m+ (β − α)m ∧m
(2.38)
without any reference to the metric. That is ℓµ and nµ are not qualified as null
vectors. They are just real vectors, which combine with the complex vector mµ
to form a basis. These relations can be inverted and the Newman-Penrose spin
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coefficients are
α = 14 [(ℓn∂m) + (ℓm∂n)− (nm∂ℓ)− 2(mm∂m)]
β = 14 [(ℓn∂m) + (ℓm∂n)− (nm∂ℓ)− 2(mm∂m)]
γ = 14 [(nm∂m)− (nm∂m)− (mm∂n) + 2(ℓn∂n)]
ε = 14 [(ℓm∂m)− (ℓm∂m)− (mm∂ℓ) + 2(ℓn∂ℓ)]
µ = − 12 [(mm∂n) + (nm∂m) + (nm∂m)]
π = 12 [(ℓn∂m)− (nm∂ℓ)− (ℓm∂n)]
ρ = 12 [(ℓm∂m) + (ℓm∂m)− (mm∂ℓ)]
τ = 12 [(nm∂ℓ) + (ℓm∂n) + (ℓn∂m)]
κ = (ℓm∂ℓ) , σ = (ℓm∂m)
ν = −(nm∂n) , λ = −(nm∂m)
(2.39)
where the symbols (...) are constructed according to the rule of the following
example (ℓm∂n) = (ℓµmν−ℓνmµ)(∂µnν), without using a metric or connection.
Notice that a general tetrad defines a LCR-structure if κ = σ = 0 = λ = ν.
In this special case we find the relations
Z1µ = (θ1 + µ+ µ)ℓµ + (ε+ ε)nµ − (α+ β − τ)mµ−
−(α+ β − τ )mµ
Z2µ = −(γ + γ)ℓµ + (θ2 − ρ− ρ)nµ − (π − α− β)mµ−
−(π − α− β)mµ
Z3µ = (γ − γ + µ)ℓµ + (ε− ε− ρ)nµ − (θ3 + π − τ )mµ−
−(β − α)mµ
(2.40)
with the functions θ1 , θ2 , θ3 a´ priori arbitrary and
Φ1 = −i(ρ− ρ) , Φ2 = −i(µ− µ) , Φ3 = −(τ + π) (2.41)
Under the symmetry transformation (2.32) of the LCR-structure, which I
call tetrad-Weyl transformations, the NP spin coefficients transform as follows
α′ = 1
M
α+ M M−ΛN4MΛN (τ + π) +
1
4Mm
µ∂µ ln
Λ
NM
2
β′ = 1
M
β + M M−ΛN
4MΛN
(τ + π) + 1
4M
mµ∂µ ln
ΛM2
N
γ′ = 1Λγ +
M M−ΛN
4M MΛ
(µ− µ) + 14Λnµ∂µ ln MN2M
ε′ = 1
N
ε+ M M−ΛN
4M MN
(ρ− ρ) + 14N ℓµ∂µ ln MΛ
2
M
µ′ = 12Λ (µ+ µ) +
N
2M M
(µ− µ) + 12Λnµ∂µ ln(M M)
ρ′ = 12N (ρ+ ρ) +
Λ
2M M
(ρ− ρ)− 12N ℓµ∂µ ln(M M)
π′ = M2ΛN (π + τ ) +
1
2M (π − τ ) + 12Mmµ∂µ ln(ΛN)
τ ′ = M2ΛN (τ + π) +
1
2M
(τ − π)− 1
2M
mµ∂µ ln(ΛN)
κ′ = Λ
NM
κ , σ′ = M
NM
σ
ν ′ = NΛM ν , λ
′ = MΛM λ
(2.42)
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We see that the following relations
ρ′ − ρ′ = Λ
MM
(ρ− ρ)
µ′ − µ′ = N
MM
(µ− µ)
τ ′ + π′ = MΛN (τ + π)
(2.43)
establish the corresponding quantities as relative invariants of the LCR-structure.
That is, the LCR-structures are characterized by the annihilation or not of these
three quantities. A LCR-structure with vanishing one of these three quantities
is not equivalent with a LCR-structure with non-vanishing the same quantity.
In the generic case of LCR-structures with non-vanishing all these three quan-
tities, we can always define the unique normalized tetrad (ℓ , n , m , m) which
has
ρ− ρ = i , µ− µ = −i , τ + π = −1 (2.44)
These LCR-structures will be called generic and the corresponding unique tetrad
will be called normalized. In the generic case of non-vanishing relative invari-
ants, the gauge transformations (2.40) are satisfied if
θ1 = n
µ∂µ ln
ρ−ρ
i
, θ2 = ℓ
µ∂µ ln
µ−µ
−i , θ3 = m
µ∂µ ln(−τ − π) (2.45)
Notice that the real quantity
i(ρ− ρ)(µ− µ)(τ + π)(τ + π)ℓ ∧m ∧ n ∧m (2.46)
is an LCR-structure invariant.
2.3 A G2,2 embedding of the LCR-structures
We saw that the non-degenerate realizable 3-dimensional CR-structures can be
osculated with the boundary of the SU(1, 2) classical domain. One might think
that the corresponding description of the LCR-structures should be based on the
characteristic boundary of the SU(2, 2) symmetric classical domain. But notice
the essential difference implied by the special form of the embedding functions
(2.25). This imposes additional conditions κ = σ = 0 = λ = ν on the SU(2, 2)
connection.
The grassmannian projective manifold G2,2 is the set of the 4 × 2 complex
matrices
X =

X01 X02
X11 X12
X21 X22
X31 X32
 (2.47)
of rank-2 with the equivalence relation X ∼ X ′ if there exists a 2 × 2 regular
(detS 6= 0) matrix S such that
X ′ = XS (2.48)
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Its typical coordinates are the projective coordinates, which are defined in ev-
ery coordinate chart determined by every 2 × 2 submatrix with non-vanishing
determinant. In the coordinate chart with
det
(
X01 X02
X11 X12
)
6= 0 (2.49)
the projective coordinates z are defined by the relation
X =
(
X1
zX1
)
(2.50)
The SU(2, 2) symmetric classical domain is the following region[35] of G2,2
X†CX > 0 (2.51)
where the 2 × 2 matrix is positive definite. C is a SU(2, 2) symmetric 4 × 4
matrix. The bounded realization of the classical domain is achieved with the
matrix
CB =
(
I 0
0 −I
)
(2.52)
and it is(
Y †1 Y
†
2
)( I 0
0 −I
)(
Y1
Y2
)
> 0 ⇐⇒ I − z†z > 0 (2.53)
It is invariant under the SU(2, 2) transformations which take the following ex-
plicit form (
Y ′1
Y ′2
)
=
(
A11 A12
A21 A22
)(
Y1
Y2
)
z′ = (A21 +A22 z) (A11 +A12 z)
−1
A†11A11 −A†21A21 = I , A†11A12 −A†21A22 = 0
A†22A22 −A†12A12 = I
(2.54)
The characteristic (Shilov) boundary of this domain is the S1 × S3[≃ U(2)]
manifold with z†z = I.
The unbounded (Siegel) realization of the classical domain is determined
with the matrix
CS =
(
0 I
I 0
)
(2.55)
and it has the form(
X†1 X
†
2
)( 0 I
I 0
)(
X1
X2
)
> 0 ⇐⇒ −i(r − r†) = y > 0
r = x+ iy = iX2X
−1
1
(2.56)
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where the projective coordinates in the Siegel realization r are defined with
an additional factor i for convenience. The fractional transformations, which
preserve the unbounded domain, are(
X ′1
X ′2
)
=
(
B11 B12
B21 B22
)(
X1
X2
)
r′ = (B22 r + iB21) (B11 − iB12 r)−1
B†11B22 +B
†
21B12 = I , B
†
11B21 +B
†
21B11 = 0
B†22B12 +B
†
12B22 = 0
(2.57)
Notice that the linear part of these transformations (B12 = 0), which preserve
the infinity of the Siegel domain, are the Poincare´×Dilation transformations.
The unitary transformation(
0 I
I 0
)
= 12
(
I −I
I I
)(
I 0
0 −I
)(
I I
−I I
)
(2.58)
implies the following Cayley transformation of the projective coordinates
r = i(I + z)(I − z)−1 = i(I − z)−1(I + z)
z = (r − iI)(r + iI)−1 = (r + iI)−1(r − iI)
(2.59)
The characteristic (Shilov) boundary of the SU(2, 2) symmetric classical
domain is[35]
X†CX = 0 (2.60)
In the case of the bounded realization it is S1×S3 ∼ U(2) and in the case of the
unbounded realization it is the ”real axis” y = 0. The transformations (2.59)
provide the compactification of the ”real axis” to a subset of S1 × S3, which
coincides with the Penrose compactification[18] of the Minkowski spacetime.
The boundary of the ”real axis” y = 0 coincides with the union of the Penrose
”scri±” boundaries.
Two ”real axis” are needed to cover U(2). Using the following two parametriza-
tions of U(2),
U = eiτ
(
cos ρ+ i sin ρ cos θ i sin ρ sin θ e−iϕ
i sin ρ sin θ eiϕ cos ρ− i sin ρ cos θ
)
=
= 1+r
2−t2+2it
[1+2(t2+r2)+(t2−r2)2]
(
1 + t2 − r2 − 2iz −2i(x− iy)
−2i(x+ iy) 1 + t2 − r2 + 2iz
) (2.61)
where τ ∈ (−π, π) , ϕ ∈ (0, 2π) , ρ ∈ (0, π) , θ ∈ (0, π), and (t, x, y, z) are
the cartesian coordinates of the ”real axis” of the Siegel domain, we find the
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relations
t = sin τcos τ − cos ρ
x+ iy = sin ρcos τ −cos ρ sin θ e
iϕ
z = sin ρcos τ − cos ρ cos θ
(2.62)
Additional formulas are
r = sin ρcos τ − cos ρ =
− sin ρ
2 sin τ+ρ2 sin
τ−ρ
2
t− r = − cot τ−ρ2 , t+ r = − cot τ+ρ2
(2.63)
where now r =
√
x2 + y2 + z2 and take positive values. Notice that the carte-
sian coordinates (x, y, z) are the projective coordinates from the center of S3.
We essentially need two such tangent planes to cover the whole sphere (but
equator). The two hemispheres are covered by permitting r to take negative
values too. It is easy to prove that the following two points of S1×S3 correspond
to the same point (t, x, y, z) of the Minkowski space.
(τ , ρ, θ, ϕ) =⇒ (t, x, y, z)
(τ + π , π − ρ , π − θ , ϕ+ π) =⇒ (t, x, y, z)
(2.64)
In the τ, ρ axes the r =∞ boundaries[18] are τ − ρ = 0 and τ + ρ = 0. The two
”triangles” at both sides of the ρ axis have r > 0 and the other two triangles
have r < 0. In the path integral quantization of the QC model described in
section IV, the spheres S3 will be considered as the initial and final boundaries
of the cobordism procedure[17] applied to the Einstein cylinders for the closed
LCR-manifolds, and the real axis (or its compactification) for the open LCR-
manifolds, in complete analogy to the closed and open strings respectively in
String Field Theory. You should not confuse these cobordism boundaries with
the ”scri±” boundaries of the open LCR-manifolds, which correspond to the
open string endpoints boundaries.
The LCR-structure coordinates of the Shilov boundary are determined from
the homogeneous coordinates Xmi which satisfy the relations
XmiCmnX
nj = 0
K1(X
m1) = 0 = K2(X
m2)
(2.65)
where the two functions Ki(X
mi) are homogeneous. I will call them Kerr
functions because, in the context of General Relativity, they determine the
geodetic and shear free null congruences. It is trivial to see that (2.65) take
the form (2.25). These relations formally belong to the CP 3 × CP 3 projec-
tive space. But only the points of G2,2 satisfy the LCR-structure condition
dz0 ∧ dz1 ∧ dz0˜ ∧ dz1˜ 6= 0. I want to point out that the two Kerr functions do
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not uniquely determine the LCR-structures of the Shilov boundary. Notice that
the SL(4,C) grassmannian transformations change the Kerr functions but they
preserve the LCR-structure.
The following embedding functions
XmiCmnX
nj = Gij(Xmi, X
mj)
K1(X
m1) = 0 = K2(X
m2)
(2.66)
provide a formal osculation of a general LCR-structure with the Shilov boundary
of the SU(2, 2) classical domain. That is Gij(Xmi, X
mj) is considered small
enough so that, this general LCR-manifold to be a deformation of at least a
subspace of the Shilov boundary.
The structure coordinates zα(x) will be called ”left” structure coordinates
and the zα˜(x) ”right” structure coordinates because they are determined from
the left and right columns of the homogeneous coordinates (2.47) via the corre-
sponding Kerr functions.
Different Kerr functions generally (but not always) give different LCR-structures.
The transition functions are
1 −z1˜
z1 1
−iz0 R2(zβ˜)
R1(z
α) −iz0˜
 =⇒

1 −z′1˜
z′1 1
−iz′0 R′2(z′β˜)
R′1(z
′α) −iz′0˜
 (2.67)
where Ri are the appropriate roots of the Kerr functions. Their explicit form is
found using the common projective coordinates. The relations are
1
1+z′1z′1˜
(
−iz′0 −R′2z′1 −iz′0z′1˜ −R′2
iz′0˜z′1 +R′1 −iz′0˜ +R′1z′1˜
)
= 1
1+z1z1˜
(
−iz0 −R2z1 −iz0z1˜ −R2
iz0˜z1 +R1 −iz0˜ −R1z1˜
)
(2.68)
Below I will formulate an expansion permitting the general holomorphic
transformations. It essentially follows the steps of the general procedure[2],
which determines the normal form of a general totally real submanifold.
Let us consider the rank-2 matrix Xmj in its unbounded realization
Xmj =
(
λAj
−irA′BλBj
)
(2.69)
where the projective coordinates are expanded to the identity and the three
Pauli matrices
σ0A′B =
(
1 0
0 1
)
, σ1A′B =
(
0 1
1 0
)
σ2A′B =
(
0 −i
i 0
)
, σ3A′B =
(
1 0
0 −1
)
[σi, σj ] = 2iǫijkσ
k , {σi, σj} = 2δij , tr(σiσj) = 2δij
(2.70)
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as follows
rA′B = r
aσaA′B = (x
a + iya)σaA′B
rA′A =
(
r0 − r3 −(r1 − ir2)
−(r1 + ir2) r0 + r3
) (2.71)
The latin indices are moved up ⇐⇒ down with the Minkowski metric ηab and
the capital latin indices with the antisymmetric matrix as follows
λA = ǫABλB , λC = λ
BǫBC
λAξA = λ
AξBǫBA = −λBξB , λAλA = 0
ǫAB = ǫAB =
(
0 1
−1 0
) (2.72)
Notice that ra are general holomorphic functions of the LCR-structure coordi-
nates. But this transformation does not generally preserve the LCR-structure!
Using the tetrad
La = 1√
2
λ
A′1
λB1σaA′B , N
a = 1√
2
λ
A′2
λB2σaA′B , M
a = 1√
2
λ
A′2
λB1σaA′B
ǫABλ
A1λB2 = 1
(2.73)
which is null relative to the Minkowski metric ηab, the above relations (2.66)
take the form (
yaLa y
aMa
yaMa y
aNa
)
= 1
2
√
2
(
G11 G12
G12 G22
)
(2.74)
with the homogeneity factors of Gij properly fixed. The surface satisfies the
relation
ya = 1
2
√
2
[G22L
a +G11N
a −G12Ma −G12Ma] (2.75)
which, combined with the computation of λAi as functions of ra, using the
Kerr conditions Ki(X
mi), permits us to perturbatively compute ya = ha(x)
as functions of the real part of ra. Hence ha(x) contains[27] the gravitational
content of the LCR-structure. In fact the normal form[2] of any totally real
submanifold of a complex manifold is ya = ya(x). The advantage of the present
procedure is the preservation of the transformation form of ra relative to the
general SU(2, 2) transformations.
The precise LCR-structure should be apparently hidden in the form of ha(x),
which permit to reverse the procedure and find back the LCR-structure embed-
ding equations.
Notice that this surface may always be assumed to belong into the ”up-
per half-plane”, because the tetrad may be arranged such that y0 > 0, but
this surface does not generally belong into the SU(2, 2) Siegel classical domain,
because
yaybηab =
1
4 [G11G22 −G12G12] (2.76)
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is not always positive. The regular surfaces (with an upper bound) can always
be brought inside the Siegel domain (and its holomorphic bounded classical
domain) with an holomorphic complex time translation.(
λ′Aj
−ir′B′Bλ′Bj
)
=
(
I 0
dI I
)(
λAj
−irB′BλBj
)
(2.77)
which implies the transformation y′a = ya+(d, 0, 0, 0). An appropriate constant
d makes y′0 > 0 and y′ay′bηab > 0. Apparently this constant d is not uniquely
determined.
My conclusion is that the LCR-structures, which are realized as surfaces of
G2,2, are formulated into representations of the Poincare´ group, which may be
identified with the observed group in nature. This identification consists the
fundamental connection of the current model with phenomenology.
2.4 Cartan U(2) modeling of the LCR-manifolds
The Cartan modeling[32] of the non-degenerate 3-dimensional CR-manifolds on
the symmetric boundary of the SU(1, 2) classical domain suggests an analogous
Cartan modeling[27] of LCR-structure on the boundary of the SU(2, 2) sym-
metric classical domain. In the previous subsection we saw that the restricted
form of the embedding functions restricts the isotropy subgroup to a discrete
subgroup. The boundary of the classical domain is identified with the coset
space SU(2, 2)/(Poincare´ × dilation). But the Kerr functions permit discrete
Poincare´ transformations between LCR-structure defining tetrads. Therefore
below we will describe a restriction of the Cartan modeling to the U(2) group
itself, which is the boundary of the classical domain.
The U(2) group is a symmetric 4-dimensional manifold which may be used to
model an LCR-manifold, using the Cartan procedure[32]. The U(2) connection
1-forms and its structure equations are
ω = U−1dU = i
(
ℓ m
m n
)
, dω + ω ∧ ω = 0
dℓ = im ∧m , dn = −im ∧m , dm = i(ℓ− n) ∧m
(2.78)
Notice that it is a LCR-manifold with non-vanishing the first two relative
invariants Φ1 6= 0 , Φ2 6= 0 and with vanishing the third relative invariant Φ3 =
0. Hence the LCR-structure (2.31) with non-degenerate the two 3-dimensional
CR-structures may be Cartan osculated with U(2) group manifold structure.
Then its U(2)-Cartan curvature is
Ω = i
(
Z1 ∧ ℓ (Z3 + iℓ− in) ∧m+Φ3ℓ ∧ n
(Z3 − iℓ+ in) ∧m+Φ3ℓ ∧ n Z2 ∧ n
)
(2.79)
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where I normalized the non-vanishing relative invariants to be Φ1 = −1 = −Φ2.
Notice that for Φ3 = 0, this form is a smooth deformation of the ”natural” U(2)
structure, but Φ3 6= 0 belongs to a different sector.
2.5 LCR-structures determined with (complex) trajecto-
ries
Newman introduced[14] complex trajectories to describe geodetic and shear free
null congruences in General Relativity. In the present formalism and in the
case of embeddable LCR-structures (2.66) we replace the Kerr homogeneous
functions with the following form of the homogeneous coordinates
Xmj =
(
λAj
−iξ(j)A′B(τ j)λBj
)
(2.80)
That is we have the following two pairs of equations
−i
(
ξ(1)0(τ1)− ξ(1)3(τ1) −ξ(1)1(τ1) + iξ(1)2(τ1)
−ξ(1)1(τ1)− iξ(1)2(τ1) ξ(1)0(τ1) + ξ(1)3(τ1)
)(
X01
X11
)
=
(
X21
X31
)
−i
(
ξ(2)0(τ2)− ξ(2)3(τ2) −ξ(2)1(τ2) + iξ(2)2(τ2)
−ξ(2)1(τ2)− iξ(2)2(τ2) ξ(2)0(τ2) + ξ(2)3(τ2)
)(
X02
X12
)
=
(
X22
X32
)
(2.81)
If we solve relative to τ1 and τ2 the first equation of each pair and replace in
the second equation we find two Kerr homogeneous functions.
Using the projective coordinates in the relation (2.80) we find(
λAj
−irA′BλBj
)
=
(
λAj
−iξ(j)A′B(τ j)λBj
)
(2.82)
It implies
[rA′B − ξ(j)A′B(τ j)]λBj = 0 (2.83)
and it admits non-vanishing solutions λBj 6= 0 if
det[rA′B − ξ(j)A′B(τ j)] = ηab(ra − ξ(j)a(τ j))(rb − ξ(j)b(τ j)) = 0 (2.84)
The two functions ξ(j)a(τ j), j = 1, 2 are complex trajectories.
This permit us to compute τ j as functions of r
a. For these values of τ j we
compute the ratios
λ11
λ01
= (r
0−r3)−(ξ(1)0(τ1)−ξ(1)3(τ1))
(r1−ir2)−(ξ(1)1(τ1)−iξ(1)2(τ1)) =
(r1+ir2)−(ξ(1)1(τ1)+iξ(1)2(τ1))
(r0+r3)−(ξ(1)0(τ1)+ξ(1)3(τ1))
λ02
λ12
= (r
1−ir2)−(ξ(2)1(τ2)−iξ(2)2(τ2))
(r0−r3)−(ξ(2)0(τ2)−ξ(2)3(τ2)) =
(r0+r3)−(ξ(2)0(τ2)+ξ(2)3(τ2))
(r1+ir2)−(ξ(2)1(τ2)+iξ(2)2(τ2))
(2.85)
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At the points ra, where det(λ) = 0, the method of complex trajectories does
not apply, because simply the projective coordinates cannot be defined. On the
other hand the points, where ξ(1)a(τ1) = ξ
(2)a(τ2), may not even belong to G2,2.
The use of the complex trajectories considerably simplifies the form of the
SL(4,C) projective transformations(
λAj
−iξ(j)A′B(τ j)λBj
)
=
(
B11 B12
B21 B22
)(
λAj
−iξ(j)A′B(τ j)λBj
)
(2.86)
of the structure coordinates
z0 = ξ(1)0(τ1) = τ1 , z
1 = λ
11
λ01
z0˜ = ξ(2)0(τ2) = τ2 , z
1˜ = −λ02
λ12
(2.87)
We precisely find
ξ′(i) = i(B21 − iB22ξ(i))(B11 − iB12ξ(i))−1
λ′i = (B11 − iB12ξ(i))λi
(2.88)
The real trajectories with ξ(i)(∗) being real functions determine degenerate
LCR-structures. Notice that only SU(2, 2) transformations preserve the reality
condition of ξ(i)(∗).
3 A PSEUDO-CONFORMAL LAGRANGIAN
MODEL
If the LCR-structure is realizable, it is determined by four structure coordi-
nates (zα, zα˜), α = 0, 1 , which are generally complex functions of the real co-
ordinates xµ . The LCR-structure preserving holomorphic transformations are
z′β = fβ(zγ) , z′β˜ = f β˜(zγ˜). They define a local infinite dimensional algebra
and they apparently correspond to the 2-dimensional conformal transformations,
which are the basis of the 2-dimensional conformal models. In the terminology
of Cartan[3] these transformations are called pseudo-conformal transformations
therefore the invariant Field Theories are called pseudo-Conformal Field Theo-
ries (PCFT). I will now write a 4-dimensional lagrangian model, by simply tran-
scribing the QC action[28] using the LCR-structure coordinates (zα(x), zα˜(x)),
α = 0, 1 , instead of the tetrad. I will use the following compact form
IG =
∫
M
(∂′A′j + γfjlkA
′
l ∧ A′k) ∧ (∂′′A′′j + γfjimA′′i ∧ A′′m) + c.c.
IC =
∫
M
{φ0dz0 ∧ dz1 ∧ dz0 ∧ dz1 + φ0˜dz0˜ ∧ dz1˜ ∧ dz0˜ ∧ dz1˜+
+φdz0˜ ∧ dz1˜ ∧ dz0 ∧ dz1 + φdz0˜ ∧ dz1˜ ∧ dz0 ∧ dz1}
(3.1)
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where ∂′, ∂′′, A′ = A′αdz
α, A′′ = A′′α˜dz
α˜ are defined in (2.29) and the integration
is done on the embeddable LCR-manifoldM , where we suppose that dz0∧dz1∧
dz0˜ ∧ dz1˜ 6= 0. The new form of IG is found by simply making an analytic
coordinate transformation za = za(xµ), to the QC action[28]. The present
Lagrange multipliers form of IC is changed to impose the conditions (2.36).
Despite its formal elegance, the action IG is not well manageable, therefore
I consider the form
IG =
∫
d4x
[
det(∂λz
a) {(∂0xµ)(∂1xν)Fjµν} {(∂0˜xρ)(∂1˜xσ)Fjρσ}+ c. c.
]
IC =
∫
d4x ǫµνρσ[φ0(∂µz
0)(∂νz
1)(∂ρz0)(∂σz1) + φ0˜(∂µz
0˜)(∂νz
1˜)(∂ρz0˜)(∂σz1˜)+
+φ(∂µz0)(∂νz1)(∂ρz
0˜)(∂σz
1˜) + φ(∂µz
0)(∂νz
1)(∂ρz0˜)(∂σz1˜)]
(3.2)
where the 4× 4 matrix (∂bxµ) is the inverse of (∂µzb). Using the identities
ǫµνρσ(∂µz
0)(∂νz
1) = det(∂λz
a)[(∂0˜x
ρ)(∂1˜x
σ)− (∂0˜xσ)(∂1˜xρ)]
ǫµνρσ(∂µz
0˜)(∂νz
1˜) = det(∂λz
a)[(∂0x
ρ)(∂1x
σ)− (∂0xσ)(∂1xρ)]
(3.3)
I find that the gauge field equations take the form
det(∂λz
a){[(∂0xµ)(∂1xν)− (∂0xν)(∂1xµ)]DµFj0˜1˜+
+[(∂0˜x
µ)(∂1˜x
ν)− (∂0˜xν)(∂1˜xµ)]DµFj01}+ c. c. = 0
Fjab = (∂ax
µ)(∂bx
ν)Fjµν
(3.4)
where Dµ = δℓj∂µ + γfℓjkAkµ is the gauge symmetry covariant derivative and
γ the coupling constant. Using the relations (2.35) we find that these equations
coincide with the gauge field equations[28] of the QC action.
{mµDµ + π − 2α}(ℓmFj) + {mµDµ + π − 2α}(ℓmFj) = 0
{mµDµ + 2β − τ}(nmFj) + {mµDµ + 2β − τ}(nmFj) = 0
{ℓµDµ + 2ε− ρ}(nmFj) + {nµDµ + µ− 2γ}(ℓmFj) = 0
(3.5)
Variation of the action relative to the Lagrange multipliers φ0, φ0˜, φ, φ im-
plies the tetrad reality conditions (2.36). Variation of the action relative to
(za(x) , zβ˜(x)) gives the following equations
∂µ{det(∂τza) Fj01Fjγα˜ǫα˜β˜(∂β˜xµ)+
+ǫγβǫ
µνρσ(∂νz
β)[φ0(∂ρz
0)(∂σz1) + φ(∂ρz0˜)(∂σz1˜)]} = 0
∂µ{det(∂τza) ǫαβFjαγ˜(∂βxµ)Fj0˜1˜+
+ǫ
γ˜β˜
ǫµνρσ(∂νz
β˜)[φ0˜(∂ρz
0˜)(∂σz1˜) + φ(∂ρz0)(∂σz1)]} = 0
(3.6)
which are in fact conservation laws of currents.
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The action is invariant under the local coordinate transformations (diffeo-
morphisms) and the local gauge transformations. The canonical quantization
implies the generators of these local transformations as first class constraints,
which annihilate the physical states. The action is also invariant under the
following two infinitesimal pseudo-conformal (LCR-structure preserving) trans-
formations
δzβ ≃ εψβ(zγ) , δzβ˜ ≃ ε˜ψβ˜(zγ˜)
δφ0 = −φ0[(∂αψα)ε+ (∂αψα)ε]
δφ0˜ = −φ0˜[(∂α˜ψα˜)ε˜+ (∂α˜ψα˜)ε˜]
δφ = −φ[(∂αψα)ε+ (∂α˜ψα˜)ε˜]
(3.7)
Notice that the transformations of the ”left” and ”right” structure coordi-
nates are independent, like the conformal transformations in the ordinary 2-
dimensional CFT.
Using such a general transformation we derive the conservation of the fol-
lowing ”left” and ”right” LCR-currents
Jλ ≡ − det(∂τza) Fj01ψγFjγα˜ǫα˜β˜(∂β˜xλ)−
−ǫαβψαǫλνρσ(∂νzβ)[φ0(∂ρz0)(∂σz1) + φ(∂ρz0˜)(∂σz1˜)]
J˜λ ≡ − det(∂τza) ψγ˜ǫαβFjαγ˜(∂βxλ)Fj0˜1˜−
−ǫ
α˜β˜
ψα˜ǫλνρσ(∂νz
β˜)[φ0˜(∂ρz
0˜)(∂σz1˜) + φ(∂ρz0)(∂σz1)]
(3.8)
The independent conserved quantities are implied by the formally indepen-
dent functions
ψα(zγ) = −(zα)(z0)m0(z1)m1 =⇒ T (α)−→m =
∫
d4xJ0
(α)−→m
ψβ˜(zγ˜) = −(zβ˜)(z0˜)m0(z1˜)m1 =⇒ T (β˜)−→m =
∫
d4xJ0
(β˜)−→m
(3.9)
where −→m = (m0,m1) and mβ take integer values. The Lie algebra of the
SL(4,C) group, which preserves the global projective structure of G2,2 , is a
subalgebra of (3.9).
3.1 Path integral quantization of the model
In the action of the SM, the quadratic terms of the fields imply the direct genera-
tion of Poincare´ representations, which may be identified with existing particles.
Hence the use of the Dirac quantization procedure finds a direct physical inter-
pretation. The action of the QC model has been quantized using the (Dirac)
canonical[21] and the BRST[22] procedure. But the physical interpretation is
not apparent. The solutions of the linear part of the field equations cannot be
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interpreted as elementary particles. The present model has the properties of
the 2-dimensional CFT, therefore we have to use its techniques[17], which turn
out to be much more complicated.
In the context of Classical Quantum Mechanics, the path integral quantiza-
tion gives the state Ψ(x′′, t′′) at time t′′
Ψ(x′′, t′′) = e−
i
ℏ
(t′′−t′)HΨ(x′′, t′) =
∫
dx′ K(x′′, t′′;x′, t′) Ψ(x′, t′)
K(x′′, t′′;x′, t′) =
x(t′′)=x′′∫
x(t′)=x′
[dx(t)] eiI[x(t)]
(3.10)
as the functional integral over all the trajectories in the time-interval (t′, t′′).
In the case of a 2-dimensional generally covariant QFT (like the Polyakov
string action) the integration is performed[17] over the fields Xµ(x, t) and the
2-dimensional surfaces M with ”initial” Bi and ”final” Bf boundaries.
Ψ(Bf , t
′′) = e−
i
ℏ
(t′′−t′)HΨ(Bf , t′) =
∑
topol
∫
[dBi] K(Bf , t
′′;Bi, t′) Ψ(Bi, t′)
K(Bf , t
′′;Bi, t′) =
∫
∂M=Bi∪Bf
[dM ][dφ(x)] eiI[φ(x)]
(3.11)
where we sum over the topologies of the 2-dimensional surfaces. General 2-
dimensional covariance implies H = 0. The recent interest to String Field
Theory gave a strong push to the systematic study of functional integrals over
2-dimensional surfaces. Recall that we have the two kinds of closed and open
strings. In the case of closed strings, the integration is over Riemann surfaces
with initial Bi and final boundaries Bf , which are closed circles. In the case of
open strings, the integration is done over more complicated surfaces which, be-
sides the initial Bi and final boundaries Bf , they may admit end-point bound-
aries. The same separation of closed and open LCR-manifolds appear in the
path-integral quantization of the present PCFT model.
In the case of the closed String Quantum Field Theory, integration over
simple surfaces with one boundary cycle provide the vacuum and the string
states in the Schrodinger representation. Integration over complex structures on
the simple cylinder gives the first approximation to the closed string propagator,
while the addition of handles provide the ”loop-diagrams”. The splitting of
a cylinder-like 2-dimensional surface into two cylinder-like surfaces (”pair of
pants” string diagram) is viewed as the fundamental coupling in closed String
Quantum Field Theory.
Using the properties of the functional integrations (path integrals), Segal
created[31] an axiomatic formulation of 2-dimensional Conformal Field Theory
based on cobordism. The purpose of this subsection is to show that analogous
properties exist in the present PCFT model.
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We have the following kernel
K(Bf , t
′′;Bi, t′) =
∑
topol
∑
rel.inv.
∫
∂S=Bi∪Bf
[dz(x)][dAjν (x)] e
iIeff [z
a, Ajν ]
(3.12)
where the functional integrations [dz(x)] and [dAjν (x)] are performed over the
LCR-manifolds with initial Bi and final Bf boundaries, and the gauge field con-
nections respectively. Ieff is the effective action implied by the Faddeev-Popov
technique applied to the local symmetries (diffeomorphism and gauge transfor-
mation). The summation includes now the LCR-structure relative invariants in
addition to the topologies, which are not covered by the functional integration.
Like in the Polyakov action, the restriction to the LCR-structure dependence
does not permit the introduction of additional terms in the lagrangian (3.1), and
the interactions emerge through the sewing procedure of the LCR-manifolds.
The closed LCR-manifolds have initial and final closed boundaries S3, which
correspond to the circles of the closed strings, the source boundaries. These
boundaries are essentially ”collar” neighborhood B × [0, 1], which are charac-
terized by the ”time” variable. The cobordism procedure sews LCR-manifolds
at these initial and final ”collar” neighborhoods.
In the case of the open strings, the source boundaries are the initial and final
line-segments, which in the present case of open LCR-manifolds correspond to
open 3-dimensional submanifolds of constant ”time”. We should not confuse
these boundaries with the additional endpoints-boundaries of the open strings,
which correspond to the additional scri-boundaries of the open LCR-manifolds.
The functional integration over the closed LCR-structures on the Einstein
cylinder with two S3 boundaries Bi and Bf , provide the 1
st approximation
to the propagator of the closed PCFT with prescribed initial and final sur-
faces with given structure coordinates z(i)a , z(f)a and connections A
(i)
jµ , A
(f)
jµ .
The present model is much richer than the string model. Besides the gauge
field modes, which replace the string modes, there are the initial and final CR-
structures. The partition function is the integration over the LCR-structures on
S1 × S3 without boundary and the vacuum state in the Schrodinger quantum
representation is the integration on S1 × S3 with one S3 boundary.
In the case of open PCFT the 1st approximation to the [(ti, Bi)→ (tf , Bf )]
propagator we sum the LCR-structures over the (ti, tf ) region of the ”real axis”
or the (τ i, τf ) region of its compactification. From (2.61) we see that the limit
t→ ±∞ with constant x, y, z is the unique point U = 1. Hence a state-operator
correspondence
ΨΦ(Bf , t) =
∑
topol
∑
rel.inv.
∫
∂M=Bf
[dz(x)][dAjν (x)] e
iIeff [z
a, Ajν ]Φ(−∞) (3.13)
may be defined in this PCFT, like in the 2-dimensional CFT. The limit r →∞
with constant t, θ, ϕ is the point U = −1. The limit r → ∞ with constant
structure coordinates zα, α = 0, 1 is the 3-dimensional CR-manifold (the Pen-
rose scri+ boundary) and the limit r → ∞ with constant structure coordi-
nates zα˜, α˜ = 0, 1 is another 3-dimensional CR-manifold (the Penrose scri-
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boundary)[18], which are the endpoints-boundaries. These endpoints bound-
aries may be sewed and cut, providing additional fundamental interactions, like
in the open String Quantum Field Theory[17]. These LCR-manifolds with the
two scri± boundaries seem to be the intuitive building blocks of the interaction
picture in the present model.
The invariance of the path-integral measure under the local transformations
δzβ ≃ ψβ(zα)ε(x) , δzβ˜ ≃ ψβ˜(zα˜)ε(x) and the action δI = −
∫
d4xJµ(ε)∂µε(x)
transformation imply the Ward identities
∂µ < TJ
µ
(ε,ε˜)Φ1(x1)...Φk(xk) > +
k∑
i=1
δ(x− xi) < TΦ1(x1)...C(ε,ε˜)...Φk(xk) >= 0
(3.14)
where T denotes time ordering and the general fields Φi(x) are taken to trans-
form like δΦi(x) = iε(x)C(ε)[Φi(x)]. In the present model, two typical fields are
∂zb
∂xµ
(and its inverse ∂x
µ
∂zb
) , which transform as follows
δ(∂µz
α) = −ε∂β [(zα)(z0)m0(z1)m1 ](∂µzβ)
δ(∂µz
α˜) = −ε˜∂
β˜
[(zα˜)(z0˜)m0(z1˜)m1 ](∂µz
β˜)
(3.15)
The present gauge field generates a large number of gauge invariant quanti-
ties in addition to the well known (Wilson loop) path-ordered product TrPe
i
∮
Aµdx
µ
.
The building blocks of the new pseudo-conformal quantities are
∂xµ
∂zα
∂xν
∂zβ
Fµν ,
∂xµ
∂zα˜
∂xν
∂zβ˜
Fµν (3.16)
combined into gauge invariant expressions. Pure geometric operators with pre-
cise transformations relative to the Poincare´ group may also be written down
using the ”left” and ”right” trajectories ξaj (τ j) but it is not quite clear the
procedure which implement them inside the above path-integral.
3.2 Gauge field propagator in the degenerate LCR-structure
sector
The degenerate structure is locally unique, therefore it cannot be deformed.
Hence there are no degenerate LCR-structure modes. The structure coordi-
nates are completely fixed by fixing the reparameterization invariance. This
considerably simplifies the field equations and the quantization, because only
the gauge field has dynamical modes.
We will work with the following tetrad components
Aµ = B1ℓµ +B2nµ +Bmµ +Bmµ (3.17)
and I will assume a U(1) gauge field for simplicity. I will show that B1 and
B2 are not dynamical variables. The Feynman propagator of the dynamical
28
variable B is defined[11] as follows
GF (x) = i < 0|TB(x)B†(0)|0 > (3.18)
where T denotes the chronological product and where the space-time translation
symmetry is used to fix the one from the two points of propagator.
Let us now consider the physically interesting case of the spherical LCR-
structure determined by the tetrad
ℓµdx
µ = 12 (dt− dr) , ℓµ∂µ = (∂t + ∂r)
nµdx
µ = 12 (dt+ dr) , n
µ∂µ = (∂t − ∂r)
mµdx
µ = 12 (dθ + i sin θdϕ) , m
µ∂µ = −
(
∂θ +
i
sin θ∂ϕ
) (3.19)
with
√−g = sin θ4 , assumed on the ”real axis” of the Siegel domain. Recall
that this is an open LCR-manifold, because it does not contain its infinity. This
tetrad has the following unique non-vanishing spin coefficient
(mm∂m) = cos θsin θ
α = cos θ2 sin θ = −β
(3.20)
Assuming the gauge condition
mν∂ν(sin θB) +m
ν∂ν(sin θB) = 0 (3.21)
the gauge field equations take the form
mν∂ν(sin θ m
µ∂µB1) +m
ν∂ν(sin θ m
µ∂µB1) = 0
mν∂ν(sin θ m
µ∂µB2) +m
ν∂ν(sin θ m
µ∂µB2) = 0
2ℓν∂ν(n
µ∂µB) + ℓ
ν∂ν(m
µ∂µB1) + n
ν∂ν(m
µ∂µB2) = 0
(3.22)
In order to solve these equations we have to expand the variables to spin-s
spherical harmonics sYlm(θ, ϕ), which have the following properties[9]
sYlm(θ, ϕ) = (−1)m+s −sYl−m(θ, ϕ)
ð sYlm = [(l − s)(l + s+ 1)] 12 s+1Ylm
ð sYlm = −[(l + s)(l − s+ 1)] 12 s−1Ylm∫ 2π
0
dϕ
∫ π
0
dθ sin θ sYlm sYl′m′ = δll′δmm′
(3.23)
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where the definitions of the edth derivatives are
ð s· = −(sin θ)s( ∂∂θ + isin θ ∂∂ϕ )(sin θ)−s s·
ð s· = −(sin θ)−s( ∂∂θ − isin θ ∂∂ϕ )(sin θ)s s·∫ 2π
0
∫ π
0
sin θ sYlm sYl′m′ = δll′δmm′
(3.24)
The spin weights of the variables B1 , B2 , B are respectively 0, 0, 1. The ar-
bitrary solutions B1 = B1(τ , ρ) and B2 = B2(τ , ρ) are caused by the remaining
symmetries B1 → B1 + f1(τ , ρ) , B2 → B2 + f2(τ , ρ), or equivalently the first
class constraints P1 = 0 = P2 which appear in the precise rigid complex struc-
ture approximation. Therefore we have to assume the additional conditions
B1 = 0 = B2. In this simplified case the (effective) action takes the simple form
IG =
1
2
∫
dtdrdθdϕ sin θ[(ℓµ∂µB)(n
ν∂νB) + (n
µ∂µB)(ℓ
ν∂νB)] (3.25)
where B has been normalized and it satisfies the gauge condition. The Neumann
boundary conditions are
∂rB = 0 at r = 0,∞ (3.26)
and the conjugate momentum of B is
P = sin θ∂tB (3.27)
The general solution of the variable B, which satisfies the field equations
(3.22) is
B = 1√
2
∞∑
l=1
[
iCl0 1Yl0 +
l∑
m=1
Clm 1Ylm −
l∑
m=1
(−1)mClm 1Yl−m
]
(3.28)
where Cl0 are real, Clm , m 6= 0 are complex and all Clm = f(t− r) + h(t+ r).
The solutions which satisfy the Neumann conditions are
Cl0 = 2
∫∞
0
dk√
2πk
[
al0(k) e
−ikt + a†l0(k) e
ikt] cos kr
]
Clm = 2
∫∞
0
dk√
2πk
[
alm(k) e
−ikt + b†lm(k) e
ikt] cos kr
] (3.29)
The action (3.25) implies the Hamiltonian
HG =
∞∑
l=0
∫
dtdr
[
1
2 (
.
C
2
l0 + C
′2
l0) +
l∑
m=−l
(
.
C lm
.
Clm + C
′
lmC
′
lm)
]
(3.30)
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where dot and prime denote time and r derivatives respectively. It takes the
final form
HG =
∞∑
l=1
∫∞
0 dk
[
ka†l0(k)al0(k) + k
l∑
m=−l
(a†lm(k)alm(k) + b
†
lm(k)blm(k))
]
(3.31)
and which defines the creation and annihilation operators properly normal-
ized.That is we have
[alm(k), a
†
l′m′(k
′)] = δll′δmm′δ(k − k′)
[blm(k), b
†
l′m′(k
′)] = δll′δmm′δ(k − k′)
(3.32)
We find that it is the product of the massless 2-dimensional propagator
DF (t, r) and a pure angular function
GF (x) = f(θ, ϕ)
∫ +∞
−∞
dk
2π|k| (H(t)e
−i(|k|t−kr) +H(−t)ei(|k|t−kr))
f(θ, ϕ) =
∞∑
l=1
l∑
m=−l
1Ylm(x)1Ylm(0)
(3.33)
where H(t) is the Heaviside (step) function. Notice the essential difference in
r-dependence, between this propagator and the ordinary 4-dimensional Yang-
Mills field propagator[11]. In the non-relativistic approximation, the present
propagator implies a linear potential.
4 THE ALGEBRAOF PSEUDO-CONFORMAL
TRANSFORMATIONS
In the space of complex functions the generators of the ”left” transformations
δzβ ≃ εψβ(zγ) are
L
(0)
−→m = −(z0)m0+1(z1)m1 ∂∂z0
L
(1)
−→m = −(z0)m0(z1)m1+1 ∂∂z1
(4.1)
which satisfy the commutation relations
[L
(β)
−→m , L
(γ)
−→n ] = mγL
(β)
−→m+−→n − nβL
(γ)
−→m+−→n (4.2)
where −→m and −→n are pairs of integers and they should not be confused with the
tetrads. This is a 2-dimensional Witt algebra. Analogous commutation relations
satisfy the generators L
(α˜)
−→m of the ”right” transformations δz
β˜ ≃ ε˜ψβ˜(zγ˜). The
corresponding quantum mechanical charges T
(b)
−→n satisfy the same commutation
relations up to possible central charges. It is well known that the corresponding
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2-dimensional algebra admits central charges. Following the general procedure
for the determination of central charges, I will now show that this algebra of the
4-dimensional LCR-structure preserving transformations does not admit central
charges.
Let f (β,γ)(−→m,−→n ) be the central charge such that
[T
(β)
−→m , T
(γ)
−→n ] = mγT
(β)
−→m+−→n − nβT
(γ)
−→m+−→n + f
(β,γ)(−→m,−→n ) (4.3)
Antisymmetry and Jacoby identity imply the relations
f (α,β)(−→m,−→n ) = −f (β,α)(−→n ,−→m)
mγf
(α,β)(
−→
ℓ ,−→m +−→n )− nβf (α,γ)(−→ℓ ,−→m +−→n ) + nαf (β,γ)(−→m,−→n +−→ℓ )−
−ℓγf (β,α)(−→m,−→n +−→ℓ ) + ℓβf (γ,α)(−→n ,−→ℓ +−→m)−mαf (γ,β)(−→n ,−→ℓ +−→m) = 0
(4.4)
I will first show that for
−→
ℓ + −→m + −→n 6= 0 a general solution can be found,
which is absorbed to a redefinition of T
(β)
−→n . If for an index αwe havemα+nα 6= 0,
we may put
−→
ℓ = 0 in (4.4). Then we find the solution
f (β,γ)(−→m,−→n ) = mγ f
(β,α)(−→m+−→n ,−→0 )
mα+nα
− nβ f
(γ,α)(−→m+−→n ,−→0 )
mα+nα
(4.5)
Notice that it has exactly the form of the second part of (4.2). Replacing it in
(4.3) we find
[T
(β)
−→m , T
(γ)
−→n ] = mγ [T
(β)
−→m+−→n +
f(β,α)(−→m+−→n ,−→0 )
mα+nα
]− nβ [T (γ)−→m+−→n +
f(γ,α)(−→m+−→n ,−→0 )
mα+nα
]
(4.6)
for−→m+−→n 6= 0. Hence we may redefine the generators T (β)−→n → T
(β)
−→n +
1
nγ
f (β,γ)(−→n ,−→0 )
for −→n 6= 0 and T (β)−→
0
→ T (β)−→
0
. Then the commutation relations of the charges
take the form
[T
(β)
−→m , T
(γ)
−→n ] = mγT
(β)
−→m+−→n − nβT
(γ)
−→m+−→n + h
(β,γ)(−→m)δ−→m+−→n ,−→0 (4.7)
Antisymmetry and Jacoby identities imply the relations
h(α,β)(−→m) = −h(β,α)(−−→m)
−mγh(β,α)(−→m +−→n ) + nβh(γ,α)(−→m +−→n ) + nαh(β,γ)(−→m)+
+(mγ + nγ)h
(β,α)(−→m)− (mβ + nβ)h(γ,α)(−→n )−mαh(γ,β)(−→n ) = 0
(4.8)
Substituting −→n = −→0 we find h(α,β)(−→0 ) = 0, ∀ α, β. Using the known general
form[17] of the 2-dimensional central charges, we find that the general solution
of (4.8) is
h(0,0)(−→m) = c(0,0)12 (m30 −m0)
h(1,1)(−→m) = c(1,1)12 (m31 −m1)
(4.9)
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where c(α,α) do not depend on mβ .
Applying (4.8) for (α, β, γ) = (1, 0, 0) and (α, β, γ) = (0, 1, 1) we find the
relations
(n0 −m0)h(0,1)(−→m +−→n ) + (n0 +m0)[h(0,1)(−→m)− h(0,1)(−→n )] =
= c
(0,0)
12 [m1(n
3
0 − n0)− n1(m30 −m0)]
(n1 −m1)h(0,1)(−→m +−→n ) + (n1 +m1)[h(0,1)(−→m)− h(0,1)(−→n )] =
= c
(1,1)
12 [m0(n
3
1 − n1)− n0(m31 −m1)]
(4.10)
There is no function h(0,1)(
−→
ℓ ) and constants c(1,1) and c(1,1) which satisfy these
identities. Hence we conclude that this algebra does not admit central charges.
But we should not tacitly conclude that it does not admit unitary represen-
tations. In the last section I will show that the automorphism group of the
degenerate LCR-structure (the quantum vacuum) admits central charges.
4.1 The Poincare´ group
As I have already pointed out in the Introduction, any relevance of the present
model to the particle phenomenology can be done through the identification of
the observed exact Poincare´ group representations (particles) with the Poincare´
subgroup of the SU(2, 2) symmetry (2.57) of the classical domain which appears
in the case of embeddable LCR-structures which can be osculated with (2.66).
The Lie algebra of the G2,2 preserving projective transformations, is a sub-
algebra of the combination of ”left” and ”right” infinite dimensional pseudo-
conformal algebras (3.7). Its precise form depends on the definition of zb relative
to the homogeneous coordinates Xmi. In order to make everything computa-
tionally clear, I describe below the form of the Poincare´ transformations in the
case of Kerr functions and the case of complex trajectories. We consider the
”light-cone” coordinates (u, v, ζ, ζ) defined via the relations
z0 = iX
21
X01
, z1 = X
11
X01
, z0˜ = iX
32
X12
, z1˜ = −X02
X12
z0 = u+ iU , z1 = ζ , z0˜ = v + iV
(4.11)
in the Siegel representation of the homogeneous coordinates Xmi.
The Poincare´ transformations form the subgroup of the SU(2, 2) transfor-
mations, which preserve infinity, that is det(λAi) 6= 0. Its precise form is
X ′01 X ′02
X ′11 X ′12
X ′21 X ′22
X ′31 X ′32
 = (B11 0B21 B22
)
1 −z1˜
z1 1
−iz0 R2(zβ˜)
R1(z
α) −iz0˜

r′ = (B−111 )
†rB−111 + b
B†11B22 = I , (iB21B
−1
11 )
† = iB21B−111 = b
(4.12)
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where R1(z
α) and R2(z
β˜) are the appropriate solutions of the two normalized
Kerr functions and b is a hermitian 2×2 matrix, which determines the Poincare´
translation. In the case of the static axially symmetric LCR-structure[20],[28]
we have
R1(z
α) = z1(2a− iz0) , R2(zβ˜) = z1˜(2a+ iz0˜) (4.13)
The transformed structure coordinates are
z′0 = iX
′21
X′01
, z′1 = X
′11
X′01
, z′0˜ = iX
′32
X′12
, z′1˜ = −X′02
X′12
z′0 = u′ + iU ′ , z′1 = ζ′ , z′0˜ = v′ + iV ′
(4.14)
These are LCR-structure preserving transformations. We have already shown
that replacing the homogeneous Kerr functions with the existence of complex
trajectories (2.80) facilitates the transformations of the structure coordinates.
In this case we precisely have
ξ′(i) = (B−111 )
†ξ(i)B−111 + b
λ′i = B11λi
(4.15)
Recall that in this case the convenient LCR-structure coordinates are
z0 = ξ(1)0 , z1 = λ
11
λ01
, z0˜ = ξ(2)0 , z1˜ = −λ02
λ12
(4.16)
Using this definition in (4.15) we easily find the form of the Poincare´ group.
In the parametrization (4.14) of the Siegel homogeneous coordinates, the
time translation holomorphic transformation has the form
δz0 = δt , δz1 = 0 , δz0˜ = δt , δz1˜ = 0 (4.17)
which implies the energy current
JλE ≡ Jλ−1,0 + J˜λ−1,0 + c.c (4.18)
The infinitesimal z-rotation holomorphic transformation has the form
δz0 = 0 , δz1 = iε12z1 , δz0˜ = 0 , δz1˜ = −iε12z1˜ (4.19)
and the following rotation current
JλSz ≡ iJλ0,1 − iJ˜λ0,1 + c.c (4.20)
Concluding the present section I want to point out the existence of two
terms in the conserved currents. The gauge field term implies the existence of
two sectors of solutions. A ”pure geometric” sector with vanishing gauge field
and a ”hadronic” sector with non-vanishing gauge field configurations[23].
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5 AUTOMORPHISMS OF LCR-STRUCTURES
The symmetries of the classical action may or may not become symmetries of
the corresponding quantum theory. This passage from classical to quantum
mechanics has been extensively studied in Quantum Field Theory[11]. In the
present model the structure coordinates zb(x) or the tetrad are the geometric
quantum fields of the model. The holomorphic transformations (3.7) generally
give a different solution in the same representation of solutions.
The classical solutions correspond to vacua or solitons if topological and/or
pseudo-conformal invariants do not permit them to decay. It is generally as-
sumed that the vacuum or soliton expectation value of a field operator Φ̂(x) is
equal to its classical configuration Φ(x) i.e. < Φ̂(x) >= Φ(x). For a quantum
vacuum to be invariant under a group of transformations, its classical configu-
ration must admit the corresponding group of automorphisms.
We have to distinguish between the transformations which transform one
state to another state and those which preserve a state. At the quantum level
a given generator of the unitary transformation should be viewed as an au-
tomorphism generator of its eigenstates. Hence a solitonic configuration with
a number of commuting automorphisms correspond to the eigenstates of the
corresponding multiplet.
In the present model the tetrad must not vanish. This means that the
existence of a quantum symmetry implies the existence of a configuration which
admits the commuting generators of the symmetry as automorphisms. A typical
example is the Poincare´ symmetry. In the case of the ordinary Standard Model
the vacuum configurations of the vector fields vanish and only the scalar field
(the Higgs particle) takes a non-vanishing constant configuration, which breaks
the internal U(2) symmetry. The left-handed and right-handed parts of the
particles belong to different representations of the internal U(2) group. Its
remaining U(1) symmetry-subgroup and the Poincare´ group are automorphisms
of the classical constant configuration. In the case of Einstein’s gravity, the
Minkowski metric corresponds to the vacuum configuration of the metric tensor,
which preserves the Poincare´ group. Hence we expect that the knowledge of all
the possible automorphisms of the LCR-structures is going to reveal the vacuum
and solitonic configurations of the present LCR-structure dependent model.
Following Cartan analysis[3], I will use the structure coordinates form of the
tetrad implied by the relations (2.35)
ℓ = ℓα˜∂α˜ , m = m
α˜∂α˜ , n = n
α∂α , m = m
α∂α (5.1)
The generator G of an automorphism of this LCR-structure must satisfy the
conditions
[G, ℓ] = f 0˜
0˜
ℓ+ f 1˜
0˜
m , [G,m] = f 0˜
1˜
ℓ+ f 1˜
1˜
m
[G,n] = f00n+ f
1
0m , [G,m] = f
0
1n+ f
1
1m
(5.2)
where fab are arbitrary functions. This implies that the coordinates of a (real)
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symmetry generator have the following dependence on the structure coordinates
G = Gα(zβ)∂α +G
α˜(zβ˜)∂α˜ +Gα(zβ)∂α +Gα˜(zβ˜)∂α˜ (5.3)
The degenerate 3-dimensional CR-structure and its automorphism[3] pseu-
dogroup is
z0−z0
2i = 0 , z
′0 = f(z0) , z′1 = g(z0, z1)
f(∗) is a real functions and g(∗, ∗) is complex
(5.4)
But the full degenerate LCR-structure and its automorphisms are
ρ− ρ = 0 , µ− µ = 0 , τ + π = 0
z0−z0
2i = 0 ,
z0˜−z0˜
2i = 0 , z
1˜ − z1 = 0
z′0 = f(z0) , z′1 = g(z1) , z′0˜ = h(z0˜) , z′1˜ = g(z1˜)
f(∗) and h(∗) are real functions
(5.5)
Notice the restrictions on the transformation functions. The functions f(∗) and
h(∗) are viewed as expansions with real coefficients. These automorphisms are
the same with the automorphisms of the corresponding degenerate 3-dimensional
CR-structures[3]. The z1 transformation function g(∗) has complex coefficients,
but the corresponding z1˜ transformation function has the complex conjugate co-
efficients of g(∗). The correlation (”incidence”) condition implies this restriction
of the automorphism from the general one z1′ = g(z0, z1) of the corresponding
degenerate 3-dimensional CR-structures. They form a pseudo-group with an
infinite number of generators[30].
We already know that a degenerate LCR-structure is determined by one or
two real trajectories. Hence the degenerate LCR-structure may be a vacuum,
which breaks the SL(4,C) projective symmetry down to its SU(2, 2) subgroup,
which preserves the real trajectories. I will show below that the ”spherical”
degenerate LCR-structure preserves the Poincare´ group.
If one of the 3-dimensional CR-structures is non-degenerate without any ad-
ditional symmetry, the infinite number of automorphisms of the LCR-structure
is restricted to the real function h(z0˜).
ρ− ρ 6= 0 , µ− µ = 0 , τ + π = 0
z0−z0
2i − U( z
0+z0
2 , z
1, z1) = 0 , z
0˜−z0˜
2i = 0 , z
1˜ − z1 = 0
z′0˜ = h(z0˜) , h(∗) is real function
(5.6)
Additional finite symmetries are possible on the non-degenerate CR-structure.
But if both 3-dimensional CR-structures are not degenerate, the LCR-structure
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has a finite number of symmetries which cannot be larger than four, because
the tetrad-Weyl transformations are completely fixed by the four (real) relative
invariants. In the case of four symmetry generators the coefficients may be
generally assumed to be constant, because the exterior derivative commutes
with the Lie derivative. That is all the groups with four generators and Maurer-
Cartan structure equations taking the LCR-structure form (2.31) admit four
automorphisms.
Elie Cartan[3] has found the automorphisms of the non-degenerate 3-dimensional
CR-structure. I will use his work to find the automorphisms of the LCR-
structures. The two real embedding functions determine 3-dimensional CR-
structures, hence they admit the known automorphisms. The ρ11(z
α, zα) = 0
will be called ”left” CR-structure and ρ22(z
α˜, zα˜) = 0 will be called ”right” CR-
structure, because they are implied from the conditions (2.66) on the left and
right rows of the homogeneous coordinates Xmj. Then I will apply the corre-
sponding Lie derivatives to the complex (”incidence”) condition ρ12
(
zα, zα˜
)
= 0
to find its invariant form. At the end I will compare the result with the Poincare´
generators to see whether the LCR-structure could be interpreted as ”particle”
or ”unparticle”. This procedure works for low d-dimensional algebra of auto-
morphisms, but it becomes too complicated for higher number of independent
automorphisms.
CASE (d=1): In the case of one automorphism generator at the ”left” CR-
structure we have the generators and the corresponding embedding functions[16]
T1 = ∂0 + c.c. ,
z0−z0
2i − U(z1, z1) = 0
z0˜−z0˜
2i − V ( z
0˜+z0˜
2 , z
1˜, z1˜) = 0
(5.7)
where we will always assume plus complex conjugate, because the generator is
a real field. We find that T1 is a symmetry generator of the following LCR-
structure
G1 = ∂0 + ∂0
z0−z0
2i − U(z1, z1) = 0 , z1˜ − Z(z0˜, z1) = 0 , z
0˜−z0˜
2i − V ( z
0˜+z0˜
2 , z
1˜, z1˜) = 0
(5.8)
Notice that this automorphism may take (locally) different forms up to a
LCR-structure preserving transformation. In order to get an idea of these vari-
ations, consider the following generator with the corresponding embedding func-
tions
G1 = iz
1∂1 − iz1∂1 = ∂∂z′1 + ∂∂z′1 , z
1 = eiz
′1
z0−z0
2i − U( z
0+z0
2 , z
1z1) = 0 , z1˜ − Z(z0˜, z0) = 0 , z0˜−z0˜2i − V ( z
0˜+z0˜
2 , z
1˜, z1˜) = 0
(5.9)
They are apparently equivalent as unique generators of automorphisms, because
of their holomorphic relation z1 = eiz
′1
. I use a different coordinate structure
coordinate, because I focus to its application to the z-rotation generator.
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If we linearly combine two independent symmetries of the ”left” and ”right”
CR-structures, we find the following automorphism and the corresponding em-
bedding functions
G = ∂0 + ∂0˜ + c.c.
z0−z0
2i − U(z1, z1) = 0 , z1˜ − Z(z0˜ − z0, z1) = 0 , z
0˜−z0˜
2i − V (z1˜, z1˜) = 0
(5.10)
It is the time translation generator (4.17) in the following appropriate definition
of the structure coordinates
z0 = iX
21
X01
, z1 = X
11
X01
, z0˜ = iX
32
X12
, z1˜ = −X02
X12
z0−z0
2i − U(z1, z1) = 0 , z1˜ − Z(z0˜, z0, z1) = 0 , z
0˜−z0˜
2i − V (z1˜, z1˜) = 0
z0 = u+ iU , z1 = ζ , z0˜ = v + iV , z1˜ =W ζ
(5.11)
where u = t − r, v = t + r and t ∈ R, r ∈ R, ζ = eiϕ tan θ2 ∈ S2 are assumed
to be the four coordinates of the embeddable LCR-manifold considered as a
submanifold of G2,2.
Under a time translation the homogeneous coordinates transform[23],[25]
δXmi = iε0[P0]
m
n X
ni (5.12)
where Pµ = − 12γµ(1 + γ5) are the translation generators of the Poincare´ group
with γµ the Dirac matrices in the chiral representation. It implies
δX0i = 0 , δX1i = 0
δX2i = −iε0X0i , δX3i = −iǫ0X1i
(5.13)
The above definition of the structure coordinates implies
δz0 = ε0 , δz1 = 0
δz0˜ = ε0 , δz1˜ = 0
(5.14)
which implies the automorphism generator (5.10).
Using the z1, z1˜ structure coordinates instead of z0, z0˜ one can find the
following automorphism with the corresponding embedding functions.
G = iz1∂1 − iz1˜∂1˜ + c.c.
z0−z0
2i − U( z
0+z0
2 , z
1z1) = 0 , z1˜ − Z(z0˜, z0)z1 = 0 , z0˜−z0˜2i − V ( z
0˜+z0˜
2 , z
1˜z1˜) = 0
(5.15)
which is the generator of rotations around the z-axis. The homogeneous co-
ordinates of an axisymmetric LCR-structure[25] has to satisfy the following
transformations
δXmi = iε12[Σ12]
m
n X
ni (5.16)
where Σµν =
1
2σµν =
i
4 (γµγν − γνγµ) are the generators of the Lorentz group.
That is we have
δX0i = −i ε122 X0i , δX1i = i ε
12
2 X
1i
δX2i = −i ε122 X2i , δX3i = i ε
12
2 X
3i
(5.17)
The definition (5.11) of the structure coordinates implies
δz0 = 0 , δz1 = iε12z1
δz0˜ = 0 , δz1˜ = −iε12z1˜
(5.18)
which gives the automorphism generator (5.15). Therefore the time translation
generator or the z-rotation one may be automorphism generator of the corre-
sponding LCR-structure.
CASE (d=2): If we assume both previous generators, we get two symmetries
of the LCR-structure, which commute. There are two possibilities. The first
G1 = ∂0 + c.c. , G2 = iz
1∂1 − iz1˜∂1˜ + c.c.
z0−z0
2i − U(z1z1) = 0 , z1˜ − z1 = 0 , z
0˜−z0˜
2i − V ( z
0˜+z0˜
2 , z
1˜z1˜) = 0
(5.19)
does not combine the structure coordinates of both 3-dimensional CR-substructures.
The second contains the two commuting generators (5.10) and (5.15) of the
Poincare´ group
G1 = ∂0 + ∂0˜ + c.c. , G2 = iz
1∂1 − iz1˜∂1˜ + c.c.
z0−z0
2i − U(z1z1) = 0 , z1˜ − Z(z0˜ − z0)z1 = 0 , z
0˜−z0˜
2i − V (z1˜z1˜) = 0
(5.20)
This LCR-manifold is extended to a Poincare´ representation, which we will
study below. The interesting observation is that if we try to impose the dilation
as an additional automorphism, the LCR-manifold is squeezed down to the de-
generate one. The dilation implies the following transformation of homogeneous
coordinates of the LCR-structure
δXmi = iε[D]mn X
ni (5.21)
where D = − 12γ5 is the dilation generator. That is we have
δX0i = − iε2 X0i , δX1i = − iε2X1i
δX2i = iε2 X
2i , δX3i = iε2 X
3i
(5.22)
The definition (5.11) of the structure coordinates implies
δz0 = εz0 , δz1 = 0
δz0˜ = εz0˜ , δz1˜ = 0
(5.23)
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Then the three generators and the corresponding LCR-manifold are
G1 = ∂0 + ∂0˜ + c.c. , G2 = iz
1∂1 − iz1˜∂1˜ + c.c. , G3 = z0∂0 + z0˜∂0˜ + c.c.
z0−z0
2i = 0 , z
1˜ − z1 = 0 , z0˜−z0˜2i = 0
(5.24)
Notice that the generatorsG1 and G3 do not commute. This means that there is
no non-degenerate LCR-structure which can be extended to the Poincare´×dilation
group.
CASE (d=3): We notice that in every Cartan case E and F with three di-
mensional automorphism Lie algebra, the sum of the corresponding generators,
applied to ”left” and ”right” CR-structures, form the same algebra of automor-
phisms for both 3-dimensional CR-structures. Applying these generators to the
”incidence” ρ12 = 0 condition, it is reduced down to the form z
1˜−z1 = 0. Hence
all these LCR-structures admitting these automorphisms have relative invariant
Φ3 = 0. I will simply transcribe these Cartan cases in my notation, starting
with case E.
G1 = ∂0 + ∂0˜ + c.c. , G2 = m(∂1 + ∂1˜) + c.c.
G3 = z
0∂0 +mz
1∂1 + z
0˜∂0˜ +mz
1˜∂1˜ + c.c.
( z
0−z0
2i )
m − z1−z12i = 0
z1˜ − z1 = 0
( z
0˜−z0˜
2i )
m − z1˜−z1˜2i = 0
(5.25)
where m is a real constant. Making the transformation
z′0 = z0 , z′1 = eimz
1
z′0˜ = z0˜ , z′1˜ = e−imz
1˜
(5.26)
G1 and G2 may be identified with the time translation and z-rotation genera-
tors, which permits the extension of the present automorphism to a Poincare´
representation.
The Cartan case F gives the following form
G1 = ∂0 + ∂0˜ + c.c. , G2 = ∂0 + ∂1 + ∂0˜ + ∂1˜ + c.c.
G3 = (z
0 + z1)∂0 + z
1∂1 + (z
0˜ + z1˜)∂0˜ + z
1˜∂1˜ + c.c.
exp( z
0−z0
z1−z1 )−
z1−z1
2i = 0
z1˜ − z1 = 0
exp( z
0˜−z0˜
z1˜−z1˜
)− z1˜−z1˜2i = 0
(5.27)
where G1 and G2 − G1 may be identified with the time translation and z-
rotation generators, and the present LCR-manifold may be interpreted as a
stable particle, if topological stability conditions are satisfied.
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CASE (d=4): I have already shown that U(2) admits the ”natural” LCR-
structure (2.61). This structure corresponds to the LCR-structures compatible
with the Minkowski metric (2.65) and with Kerr functions
Y 11 = 0 , Y 02 = 0 (5.28)
where Y mi are the homogeneous coordinates in the bounded realization of the
Shilov boundary. Using the U(2) parametrization
U = eiτ
(
cos ρ+ i sin ρ cos θ i sin ρ sin θ e−iϕ
i sin ρ sin θ eiϕ cos ρ− i sin ρ cos θ
)
τ ∈ (0, 2π) , ρ, θ ∈ (0, π) , ϕ ∈ (0, 2π)
(5.29)
the convenient structure coordinates of this LCR-structure in the bounded re-
alization are
w0 = Y 21 = (cos ρ+ i sin ρ cos θ)eiτ , w1 = −iY 31 = sin ρ sin θ eiϕeiτ
w0˜ = Y 32 = (cos ρ− i sin ρ cos θ)eiτ , w1˜ = −iY 32 = sin ρ sin θ e−iϕeiτ
(5.30)
which satisfy the embedding relations
ρ11 = w
0w0 + w1w1 − 1 = 0
ρ12 = w
0w1˜ − w0˜w1 = 0
ρ22 = w
0˜w0˜ + w1˜w1˜ − 1 = 0
(5.31)
One can easily show that these structure coordinates are invariant under the
SU(2, 2) transformations (2.54)(
Y ′1
Y ′2
)
=
(
e−iτ 0
0 eiτU
)(
Y1
Y2
)
(5.32)
where U is an element of the unitary group SU(2). Hence the automorphism
group of (5.31) is U(2).
In order to find the structure coordinates in the Siegel realization we have
to find the form of the Kerr functions in this realization using the unitary
transformation (2.58)
Y 01 Y 02
Y 11 Y 12
Y 21 Y 22
Y 31 Y 32
 = 1√2
(
I I
−I I
)
X01 X02
X11 X12
X21 X22
X31 X32
 (5.33)
They are
X11 +X31 = 0 , X02 +X22 = 0 (5.34)
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Fixing the homogeneity with X01 = X12 = 1, the convenient structure
coordinates are
z0 = iX21 = x0 − x3 − (x1)2+(x2)2
i+x0+x3 , z
1 = X11 = x
1+ix2
i+x0+x3
z0˜ = iX32 = x0 + x3 − (x1)2+(x2)2
i+x0−x3 , z
1˜ = X02 = x
1−ix2
i+x0−x3
(5.35)
The corresponding embedding functions are
ρ11 =
z0−z0
2i − z1z1 = 0
ρ12 = (1− iz0)z1˜ + (1 + iz0˜)z1 = 0
ρ22 =
z0˜−z0˜
2i − z1˜z1˜ = 0
(5.36)
An interesting observation is that the Taub-NUT metric[10] is compatible
with the above LCR-structure, because, it admits the tetrad
ℓµdx
µ = dt− 1
f
dr + 4l sin2 θ2 dϕ
nµdx
µ = f2 (dt+
1
f
dr + 4l sin2 θ2 dϕ)
mµdx
µ =
√
(r2+l2
2 (dθ + i sin θdϕ)
(5.37)
with f = r
2−2mr−l2
r2+l2 , which satisfies the following LCR-structure relations
dℓ = i 2l
r2+l2m ∧m
dn = f
′
f
dr ∧ n+ i lf
r2+l2m ∧m
dm = [ 2
r2+l2 dr +
cos θ
sin θ
√
2(r2+l2)
m] ∧m
(5.38)
This LCR-structure has a vanishing relative invariant Φ3 = 0. Using the rela-
tions (2.35) we find the LCR-structure coordinates
z0 = t− r′ − 4il ln(cos θ2 ) , z1 = eiϕ tan θ2
z0˜ = t+ r′ − 4il ln(cos θ2 ) , z1˜ = e−iϕ tan θ2
r′ =
∫
dr
f
(5.39)
Considering the following LCR-structure preserving transformations
i z
0
4l = ln(cos
θ
2e
i t−r
′
4l ) = lnw0 , z1 = eiϕ tan θ2 =
w1
w0
i z
0˜
2l = ln(cos
θ
2e
i t+r
′
4l ) = lnw0˜ , z1˜ = e−iϕ tan θ2 =
w1˜
w0˜
(5.40)
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the new structure coordinates wa satisfy the embedding functions
w0w0 + w1w1 − 1 = 0
w0w1˜ − w1w0˜ = 0
w0˜w0˜ + w1˜w1˜ − 1 = 0
(5.41)
which are equivalent to the natural LCR-structure of U(2).
In order to check if the present automorphism group has common genera-
tors with the Poincare´ group, we have to transfer it in the unbounded (Siegel)
representation. I find that its form is
1
2
(
I −I
I I
)(
e−iτ 0
0 eiτU
)(
I I
−I I
)
=
= e
−iτ
2
(
I + Ue2iτ I − Ue2iτ
I − Ue2iτ I + Ue2iτ
) (5.42)
which implies the following transformation of the projective coordinates r
r′ = i[(I − Ue2iτ )− i(I + Ue2iτ )r][(I + Ue2iτ )− i(I − Ue2iτ )r]−1 (5.43)
It is clear that it becomes an element of the infinity preserving Poincare´ group
if I − Ue2iτ = 0. Hence I conclude that the present LCR-manifold cannot be
interpreted as a stable particle.
5.1 Vacuum and solitons
In the case of 2-dimensional CFT the trivial LCR-structure (1.4) admits the
automorphism group
z′0 = f(z0) , z′0˜ = h(z0˜)
f(∗) and h(∗) are real functions
(5.44)
which has the automorphism subgroup SL(2, R)×SL(2, R). This is the vacuum
of the corresponding quantum theory and the group SL(2, R) × SL(2, R) is
assumed to be the vacuum symmetry. In fact the vertex algebra of the chiral
fields is formulated[13] using this vacuum symmetry group in the Wightman set
of axioms of QFT.
In the present case of 4-dimensional PCFT the full degenerate LCR-structure
(5.5) seems to be the corresponding vacuum. Its symmetry group has to be the
automorphism group of the classical configuration. I will compute it, consid-
ering the ”spherical” degenerate LCR-structure determined by the trivial real
trajectory ξa = (τ , 0, 0, 0).
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The largest group of the automorphism transformations z′1 = g(z1) , z′1˜ =
g(z1˜) is the projective PSL(2,C) group
z′1 = c+dz
1
a+bz1 , z
′1˜ = c+dz
1˜
a+bz1˜
ad− bc 6= 0
(5.45)
which correspond to the following homogeneous transformations(
λ′01
λ′11
)
=
(
a b
c d
)(
λ01
λ11
)
(
λ′02
λ′12
)
=
(
d −c
−b a
)(
λ02
λ12
)
z1 = λ
11
λ01
, z1˜ = −λ02
λ12
(5.46)
of the corresponding dyads of (2.80). We see that the ”left” and ”right” columns
are not multiplied with the same element of SU(2, 2). The spinors of the two
rows of the G2,2 homogeneous coordinates are multiplied with the two inequiv-
alent 2-dimensional (chiral) representations of the Lorentz group PSL(2,C).
This transformation is equivalent to the following subgroup of SU(2, 2)(
X ′i1
X ′i2
)
=
(
Bi11 0
0 Bi22
)(
X i1
X i2
)
B111 =
(
a b
c d
)
, B211 =
(
d −c
−b a
)
Bi†11B
i
22 = I
(5.47)
which imply the following transformations of the structure coordinates z0, z0˜
z′0 = 12 trξ
′(1) = z0tr(B122B
1†
22)
z′0˜ = 12 trξ
′(2) = z0˜tr(B222B
2†
22)
(5.48)
which is an automorphism. Recall that λAj are the dyads which determine the
null vectors ∆a(j) = (x
a − ξ(j)a(τ j)), that is
(xa − ξa(τ j)) = λj†σaλj (5.49)
with the same trivial trajectory for both j = 1, 2 before and after the Lorentz
transformation. The Lorentz transformation changes the trajectory, but is form
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remains the same for j = 1, 2. We precisely find
∆0(j)
∆1(j)
∆2(j)
∆3(j)
 =

∆
∆(j) sin θ cosϕ
∆(j) sin θ sinϕ
∆(j) cos θ
 =

λ0jλ0j + λ1jλ1j
λ1jλ0j + λ0jλ1j
iλ1jλ0j − iλ0jλ1j
λ0jλ0j − λ1jλ1j

∆(1) = ∆ , ∆(2) = −∆
(5.50)
If before the Lorentz transformation the relation is z1˜ = z1, after the transfor-
mation ∆, θ, ϕ change, but the relation of the structure coordinates remains the
same, z′1˜ = z′1.
The real translation subgroup of SU(2, 2)(
X ′1
X ′2
)
=
(
I 0
B21 I
)(
X1
X2
)
B21 +B
†
21 = 0
(5.51)
leaves z1, z1˜ invariant (because both they depend on (xa − ξa) and transforms
z0, z0˜ with the automorphism group
z′0 = 12 trξ
′(1) = z0 + 12 tr(iB21)
z′0˜ = 12 trξ
′(2) = z0˜ + 12 tr(iB21)
(5.52)
Hence my conclusion is that the degenerate vacuum (5.5) is invariant under the
Poincare´×Dilation subgroup where the ”left” and ”right” spinors belong into
conjugate representations of the Lorentz group.
The energy and spin conserved quantities have a LCR-structure contribution
and a gauge field contribution. From this I conclude that we may have two
kinds of solitons. The ”pure geometric” ones, which I also call ”leptonic”, with
vanishing gauge field, and the ”hadronic” solitons with non-vanishing gauge
field. A solution of the field equations (3.6) of ”leptonic” configurations can be
easily found to be
φ0dz
1 ∧ dz0 ∧ dz1 + φdz1 ∧ dz0˜ ∧ dz1˜ = dB1
φ0dz
0 ∧ dz0 ∧ dz1 + φdz0 ∧ dz0˜ ∧ dz1˜ = dB0
φ0˜dz
1˜ ∧ dz0˜ ∧ dz1˜ + φdz1˜ ∧ dz0 ∧ dz1 = dB1˜
φ0˜dz
0˜ ∧ dz0˜ ∧ dz1˜ + φdz0˜ ∧ dz0 ∧ dz1 = dB0˜
(5.53)
where Ba are arbitrary 2-forms. The corresponding conserved currents are the
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following 3-forms
J0 = −ψ0(zβ)dB1 , J1 = ψ1(zβ)dB0
J˜ 0˜ = −ψ˜0˜(zβ˜)dB1˜ , J˜ 1˜ = ψ˜
1˜
(zβ˜)dB0˜
(5.54)
from which one can (in principle) easily compute the energy and the spin of the
configuration.
The ”electron-positron” soliton, which I have studied in my previous works[28],[?],
corresponds to the case with the two automorphisms generators (5.20). In this
case the automorphism Abelian group is part of the Poincare´ group. That is
the soliton is a ”stable particle”, because it belongs to a representation of the
Poincare´ group. The discussion of the physical interpretation of the model in
the next section will use extensively the characteristics of this soliton.
The existence of 3-dimensional CR-structures, which cannot be realized[12]
as surfaces of a complex manifold, indicates that non-realizable LCR-structures
there may exist too. These cannot belong to representations of the Poincare´
group, that is they are not particles. The case of the U(2) automorphism group
indicates that that even realizable LCR-structures may be ”unparticles”.
6 DISCUSSION OF THE PHYSICAL INTER-
PRETATION
The path(functional)-integral quantization of the 4-dimensional PCFT provides
a self-consistent description of the interactions of the LCR-manifolds in complete
analogy to the path-integral quantization (and its cobordism principles) of the
2-dimensional String Theory. But the physical interpretations of the two models
are completely different. The interpretation of the String Theory is well known
and it is implied by the identification of the ”field” Xµ(ξ) with the coordinates
of the spacetime with the additional dimensions. The physical interpretation of
the present model is implied by the identification of the Poincare´ subgroup of
the SU(2, 2) with the phenomenological Poincare´ group and the flat spacetime
cartesian coordinates with the real part of the complex projective coordinates
of the grassmannian manifold G2,2 in the Siegel representation. Besides the
confining propagator of the gauge field implies its identification with the gluon.
It is quite clear that the present 4-dimensional PCFT is a generalization of
the 2-dimensional CFT, without the Wick rotation, which destroys the LCR-
structure. The interesting properties of the 2-dimensional models appear, be-
cause the 2-dimensional infinite-dimensional algebra of conformal transforma-
tions is equivalent to the 2-dimensional pseudo-conformal transformations of
lorentzian CR-structure in C2. But it is not yet clear to me how the com-
putational technique of vertex operators is extended to 4-dimensional PCFT,
therefore I am currently restricted to the solitonic approach.
The stable physical particles are stationary realizable LCR-manifolds which
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are asymptotically flat
Xm1CmnX
n1 = 0 , Xm2CmnX
n2 = 0 (6.1)
and they belong to the [CASE (d=2)] category relative to the automorphism
group classification. These conditions reduce the projective SL(4,C) symme-
try of G2,2 down to SU(2, 2) which is farther restricted down to its Poincare´
subgroup by the openness condition on the permitted LCR-manifolds. The
conformal factor is eliminated by the condition dξ
a
dτ
dξb
dτ
ηab = 1 on the Newman
(complex) trajectory of the LCR-structure, which fixes its τ -parametrization
ambiguity. The interaction of precise stable particles is computed by the path-
integral formalism with integration on LCR-manifolds with the initial and final
legs of corresponding open LCR-manifolds. Diagrams with one asymptotically
flat internal LCR-manifold determine the ”resonances” in complete analogy to
ordinary Feynman diagrams. These resonances are the unstable particles of
the model. Therefore our first goal is to find all the open (asymptotically flat)
LCR-manifolds determined by the conditions (5.20).
The tetrad-Weyl symmetry (2.32) implies that the LCR-structure defines a
class of lorentzian metrics [gµν ]
gµν = ℓµnν + nµℓν −mµmν −mµmν (6.2)
which are not all the general riemannian metrics of General Relativity. The class
of metrics [gµν ] is restricted by the condition to admit two geodetic and shear-
free null congruences. This restriction is crucial for the formal renormalizability
of the lagrangian model[24].
The existence of the class of symmetric tensors (6.2) does not imply the
existence of gravity. If the LCR-structure is compatible with the Minkowski
metric, that is ηµν ∈ [gµν ] then no gravitational field is expected.
Besides the symmetric tensor gµν , the tetrad defines a class of three self-dual
and three antiself-dual 2-forms too
V 0 = ℓ ∧m
V 0˜ = n ∧m
V = 2ℓ ∧ n− 2m ∧m
(6.3)
which satisfy the relations
dV 0 = [(2ε− ρ)n+ (τ − 2β)m] ∧ V 0
dV 0˜ = [(µ− 2γ)ℓ+ (2α− π)m] ∧ V 0˜
dV = [2µℓ− 2ρn− 2πm+ 2τm] ∧ V
(6.4)
The LCR-structure may be defined by the existence of a class of metrics with
corresponding three self-dual 2-forms, which satisfy the above relations.
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If the LCR-structure is realizable, there are always functions such that
0 = d(dz0 ∧ dz1) = d[(f00 f11 − f10f01 )ℓ ∧m]
0 = d(dz0˜ ∧ dz1˜) = d[(f 0˜
0˜
f 1˜
1˜
− f 1˜
0˜
f 0˜
1˜
)n ∧m
(6.5)
On the other hand, in R4, there is a function such that d(fV ) = 0, if
d[2µℓ− 2ρn− 2πm+ 2τm] = 0 (6.6)
In fact, if there is a member of the class of 2-forms which implies (6.6), it may be
assumed as the physical representative, because it defines a conserved ”charge”.
In the general case we precisely find
d[µℓ− ρn− πm+ τm] = 2Ψ3ℓ ∧m+ 2Ψ1n ∧m+
+[mν∂νµ+ µ(α+ β − τ ) + nν∂ντ + τ (γ − γ + µ)]ℓ ∧m+
+[−mν∂νρ+ ρ(α + β − π)− ℓν∂νπ − π(ε− ε− ρ)]n ∧m+
+ 12 [−ℓν∂νµ− µ(ε+ ε+ ρ)− nν∂νρ+ ρ(γ + γ + µ)−
−mν∂νπ + π(α− β + π)−mν∂ντ + τ (α− β − τ )](ℓ ∧ n+m ∧m)
(6.7)
The ”static soliton” example given by the Kerr-Schild ansatz[28] satisfies
(6.6) because
2µℓ− 2ρn− 2πm+ 2τm = d[ln(r − ia cos θ)2] (6.8)
Hence the self-dual 2-form
F = 1(r−ia cos θ)2 (2ℓ ∧ n− 2m ∧m (6.9)
is closed. It defines a real electromagnetic field.
The ”static soliton” is protected by the topological openness of the LCR-
manifold and the non-vanishing of all the three relative invariants of the LCR-
structure. The singularity of the metric does not cause any problem in the LCR-
structure, because it does not belong to G2,2. In the physical interpretation, this
LCR-manifold has to be identified with the electron and its complex conjugate
structure with the positron, because it has opposite charge. This identification is
supported by the fact that the gyromagnetic ratio of the LCR-structure is g = 2,
already computed by Carter[4]. That is the ”static soliton” LCR-manifold is
a fermion, therefore it must be phenomenologically described with the massive
spinorial representation of the Poincare´ group.
Quantum Electrodynamics (QED) has to be viewed as a phenomenological
QFT, which I will describe in details. It is well known that a representation
of the Poincare´ group (a free particle of given spin) satisfies the corresponding
wave equation and vice-versa the general solution of a wave equation defines a
unitary representation of the Poincare´ group (a free particle of given spin)[34].
Hence the equation (6.9) defines the photon and its differential form defines its
interaction with the ”static soliton” current described using Dirac spinor fields.
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The ”static soliton” has to be phenomenologically described with the spinorial
representation of the Poincare´ group, because of its fermionic gyromagnetic
ratio.
The apparent raised question is to what LCR-structure the electron-neutrino
correspond. I have not yet a definite answer, but let me point out the ”left”-
”right” asymmetry that the phenomenological Standard Model indicates. This
is essentially imposed by the neutrino and its participation form to the weak
interactions. Let me describe such an asymmetry.
The moving electron LCR-structure is implied by the trajectory ξa = (τ , 0, 0, vτ+
ia) with v2 < 1. The case v = ±1 does not belong to the same Poincare´ repre-
sentation and, if it corresponds to a particle, it must be different. I normalized
the τ -parametrization of the trajectory with the condition ξ0 = τ in order to
describe both representations with the same form of trajectory, but we have to
use the correstonding quadratic homogeneous Kerr polynomial
X2X1(1 + v)−X3X0(1− v) + 2aX0X1 = 0 (6.10)
In the limit v = ±1 we find the two solutions
[v = −1] : X31 − aX11 = 0 , X02 = 0
[v = +1] : X11 = 0 , X22 + aX02 = 0
(6.11)
where the Kerr functions of the left and right columns are different and one
of them is trivial. This asymmetric LCR-manifold with only the one column
different from the trivial one may be the origin of the electron-neutrino.
The general relativists have already observed the interesting properties of
the spacetimes which admit two geodetic and shear free null congruences. Prof.
Ezra Newman and his collaborators[1] have extensively studied their gravita-
tional and electromagnetic radiation. I think that the observed ”enigmatic”[15]
emergence of dynamical equations strongly supports the physical relevance of
the present model.
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